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Abstract—Since the non-orthogonal multiple access (NOMA)
with successive interference cancellation (SIC) can achieve superior spectral-efficiency and energy-efficiency, the concept of
SCN using NOMA with SIC is proposed in this paper. Due to
the difference of small-cell base stations’ locations, each mobile
user perceives different channel gains to different small-cell
base stations. Therefore, it is important to associate a mobile
user with the right base station and control its transmit power
for the uplink SCN using NOMA with SIC. However, the
already-challenging base station association problem is further
complicated by the need of transmit power control, which is an
essential component to manage co-channel interference. Despite
its importance, the joint base station association and power
control optimization problem that maximizes the system-wide
utility and at the same time minimizes the total transmit power
consumption for the maximum utility has remained largely
unsolved for the uplink SCN using NOMA with SIC, mainly
due to its non-convex and combinatorial nature. To solve this
problem, we first present a formulation transformation that
captures two interactive objectives simultaneously. Then, we
propose a novel algorithm to solve the equivalently transformed
optimization problem based on the coalition formation game
theory and the primal decomposition theory in the framework of
simulated annealing. Finally, theoretical analysis and simulation
results are provided to demonstrate that the proposed algorithm
is guaranteed to converge to the global optimal solution in
polynomial time.
Index Terms—Small-cell network, Non-orthogonal multiple
access, Power control, Small-cell Base station association, Systemwide utility maximization, Power minimization.

I. I NTRODUCTION
The rapid growth of wireless broadband services renders
radio resources even scarer, especially in areas with heavy
user demands [1]–[3]. This drives the research community to
design more spectrum-efficient and energy-efficient wireless
network systems that cope with the scarcity of radio resources.
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To this end, two-fold efforts have been spent in the literature.
On one hand, the deployment of heterogeneous or small-cell
networks (SCNs) has been emerging as a promising solution
to improve spectrum and energy efficiency as well as expand
indoor and cell-edge coverage [4]–[13]. The SCN concept is to
deploy various classes of small-cell/lower-power base stations
such as picocells, femtocells, and perhaps relay base stations
(BSs) underlaid in a macro-cellular network. On the other
hand, the so-called non-orthogonal multiple access (NOMA)
with successive interference cancellation (SIC) has been investigated as a potential alternative to orthogonal multi-user
access to further improve the spectrum-efficiency of cellular
networks [Chapter 6, 11], [15]. Therefore, the implementation
of SCN using NOMA with SIC will exhibit promising benefits
on spectrum-efficiency and energy-efficiency. However, since
the SCN using NOMA with SIC is designed based on the
SCN architecture, it also suffers from the severe co-channel
interference and the unbalanced traffic load distribution of
each cell with massive deployment of small cells. For this, it
is significant to efficiently allocate BSs (including small-cell
BSs and macrocell BSs) and transmit power to mobile users
(MUs) which perceive different channel gains to different
BSs in the SCN using NOMA with SIC. In particular, the
BS association is to establish spectrum-efficient connections
between MUs and BSs according to the locations of MUs and
the traffic load distribution in the geometric area. Furthermore,
the power control is to ensure that each MU transmits an
appropriate amount of power to maintain its communication
quality without imposing excessive interference on other MUs.
The conventional BS association was realized according
to the signal-to-noise ratio (SNR) [16], [17]. Specifically,
each MU is associated with the BS providing the strongest
SNR. However, such a max-SNR BS association scheme is
potentially unsuitable for SCNs, since it does not account
for the traffic load distribution of each cell, hence resulting
in severe load imbalance and inefficient spectrum and energy
utilization. To cope with this problem, the joint optimization of
BS association and power control becomes essential for SCNs
because small-cell BSs are often deployed to alleviate traffic
“hot-spots” with higher-than-average user density and improve
the spectrum and energy efficiency of the network [18]–[28].
However, most previous work studied the joint optimization
of BS association and power control for the single objective,
such as power minimization [18]–[24] and system-wide utility
maximization [25]–[28]. To the best of our knowledge, there is
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few work taking into account these two interactive objectives
simultaneously, although the spectrum-efficiency and energyefficiency can be further improved by striking a balance
between the system-wide utility maximization and power
minimization. Furthermore, these works assume either the
orthogonal multiple access (e.g., orthogonal frequency division
multiple access) or the traditional non-orthogonal multiple
access (i.e., pure power control).
In this paper, we study an uplink SCN consisting of multiple
macro-cell BSs (MBSs), small-cell BSs (SBSs) and MUs, in
which all BSs and MUs are equipped with a single antenna each and all channel state information (CSI) related to
MUs is perfect to each BS. Driven by its superior spectrum
efficiency, we introduce the NOMA with SIC to the uplink
SCN, in which the MUs associated with one BS adopt the
simultaneous multi-user transmission via superposition coding,
and each BS adopts the SIC receiver to decode the signals
from its associated MUs sequentially. Due to the complicated
coupling among the signal-to-interference-and-noise ratios of
simultaneous transmissions, there exist multiple solutions of
optimal power allocation that maximizes the system-wide utility. To improve the spectrum-efficiency and energy-efficiency
of the uplink SCN using NOMA with SIC, we study the
joint optimization of BS association and power control that
first maximizes the system-wide utility while keeping every
served MU meeting the minimum average-rate requirement,
and further minimizes the total power consumption based on
the maximum utility. In particular, the main contributions of
this paper are summarized as follows:
•

•

•

NOMA with SIC: We present the NOMA scheme with
SIC for the uplink SCN. While the out-of-cell interference has to be considered, an SIC receiver at each BS
is used to decode the information of all associated MUs
sequentially for mitigating the in-cell interference.
Novel problem formulation: We present the joint optimization of BS association and power control problem on
maximizing the system-wide utility and meanwhile minimizing the total transmit power subject to the maximum
utility for the uplink SCN using NOMA with SIC. This
paper equivalently integrates two interactive objectives
into a single-objective optimization problem via weighted
summing the system-wide utility and the total transmit
power consumption with carefully chosen weights.
Efficient algorithm design: The equivalent singleobjective optimization problem is a mixed-integer nonconvex program involving the assignments of MUs to
BSs and power allocation, and thus difficult to solve.
We therefore propose a novel algorithm, referred to as
PCSUM (Power Controlled System-wide Utility Maximization), to efficiently and optimally solve it based
on the coalition formation game theory and the primal
decomposition theory in the framework of simulated
annealing. Our proposed algorithm is guaranteed to converge to the globally optimal solution in polynomial time.

The rest of the paper is organized as follows. Section
II summarizes the related work on the joint BS association
and power control. Section III introduces the system model

about the uplink SCN using NOMA with SIC, and problem
formulation on the joint optimization of BS association and
power control. Section IV proposes the PCSUM algorithm
to optimize the BS association and transmit power levels.
Section V evaluates the performance of PCSUM through
several simulations. Section VI concludes this paper.
II. R ELATED W ORK
Driven by the significance of the BS association and power
control that can efficiently improve the spectrum and energy
efficiency, this topic has attracted lots of research interests in
the past two decades [16], [17], [29]–[35]. Specifically, most
prior work on the BS association and power control can be
traced back to traditional cellular networks (i.e., macrocellonly networks) [16], [17], [29]–[35]. For example, work [16]
and [17] decoupled BS association from the optimization of
per-link transmit power through associating a MU with the
BS providing the strongest signal. Work [30]–[35] took into
account the BS association under the assumption that transmit
power is fixed. Although the BS association was investigated
in these earlier work, it fails to characterize how transmit
power is efficiently used to transmit information on the per
cell or per user basis. On the contrary, [29] studied the power
control under the assumption that the BS association is fixed.
Ref. [32] studied energy saving at the BSs through striking
a tradeoff between the BS association and BS operation (i.e.,
power control at BSs). Due to the variety of BSs in SCNs,
these BS association and power control schemes proposed for
macrocell-only networks cannot apply to SCNs.
Since a BS with heavy user demands is absolutely not
spectrum or energy efficient due to severe interference for
SCNs, it is of importance to balance traffic load and mitigate
interference among BSs [36], [37]. In this direction, extensive
research efforts have been put on the joint optimization of
BS association and power control recently [18]–[28]. Most
of previous work tend to focus on the single-objective optimization, which can be divided into two threads. The first
thread is mainly concerned with minimizing the total transmit
power under a predefined set of minimum SINR constraints at
the receiver sides [18]–[24]. The power minimization criterion
may be appropriate for networks subject to fixed rate and
fixed quality-of-service (QoS) requirements. However, it fails
to satisfy various concerns on the overall network performance
in modern wireless networks. The second thread is concerned
with maximizing the objective of the overall throughput, or
more generally, a network utility function across all users in
the network for modern wireless networks [25]–[28]. Although
the joint BS association and power control has been studied
for certain targets, the multiple access techniques used in these
work are either the orthogonal multiple access (e.g., orthogonal
frequency division multiple access) or the traditional nonorthogonal multiple access (i.e., pure power control).
Because of its superior spectral efficiency, NOMA with SIC
has attracted lots of research interests in the literature [38]–
[42]. [38] derived the capacity region for the two-user NOMA
network with SIC. The evaluation of the outage probability
and ergodic sum rates was carried out in [39] for a NOMASIC downlink cellular network with fixed power allocation.
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Apart from the performance investigation, more research attentions have been paid to NOMA resource allocation [40]–
[42]. For example, [40] maximized the sum-rate utility via
the joint optimization of power and channel allocation for the
downlink NOMA cellular network with SIC. [41] maximized
the minimum achievable user rate through appropriate power
allocation among users for the downlink NOMA cellular
network with SIC. In the uplink NOMA cellular network
with SIC, the optimal power allocation was studied for the
maximum throughput scheduling and proportional fairness
scheduling in [42]. This drives us to propose a novel nonorthogonal multiple access scheme (i.e., NOMA with SIC) to
further improve the network performance of SCNs.
To strike a balance between the system-wide utility maximization and power minimization, we aim to maximize the
system-wide utility and meanwhile minimize the total power
consumption through the joint optimization of BS association
and power control for the uplink SCN using NOMA with
SIC. Due to the non-convex combinatorial nature, the optimal
solution to the joint BS association and power control is
difficult to obtain in the single-in single-out SCN with perfect
CSI even for the single-objective optimization. Therefore, most
of previous work proposed heuristic algorithms to optimize
the BS association and transmit power levels. For example,
[43], [44] solved the joint optimization of BS association and
power control by the greedy method. [45] randomly assigned
MUs to the right BSs with the probability proportional to
the estimated throughput. [27] devised the algorithms based
on the relaxation heuristic. [28] addressed the joint optimization problem based on the duality theory. In addition
to designing heuristic algorithms, [25], [26] addressed the
joint optimization of BS association and power control from a
game theory perspective. However, from a system-wide utility
maximization or load-balancing perspective, these games can
only converge to a Nash equilibrium point, which has no
guarantee to be unique or optimal and is far from being
adequate. Therefore, we aim at finding a globally optimal
solution to the joint BS association and power control problem
for the target of maximizing the system-wide utility and
meanwhile minimizing the total transmit power. Only by doing
so can we use the optimal solution as a benchmark to evaluate
the performance of existing heuristics for the same target,
and further understand what an optimal joint BS association
and power control scheme should be, how far the proposed
schemes operate from the optimal performance, and how to
improve the practical heuristics according to the characteristics
of the optimal solution.
III. S YSTEM M ODEL AND P ROBLEM F ORMULATION
We consider an uplink SCN consisting of a set N =
{1, 2, · · · , NM , NM + 1, · · · , N } of BSs and a set M =
{1, 2, · · · , M } of MUs, where NM and N − NM mean
the number of macro-cell BSs (MBSs) and small-cell BSs
(SBSs), respectively. Both the BSs and MUs are assumed to
be equipped with a single antenna each. We consider that the
whole band of frequency can be reused by all MUs with the
frequency reuse factor being one. Let the total bandwidth allocated to the uplink SCN be B. Let pi denote the transmit power

of MU i when it communicates with some BS, with Pi,max
being its maximum allowable value. Suppose that each BS j
has the perfect knowledge of all channel information through
tracking the pilot signals from MUs. Correspondingly, we use
the channel gain gij to denote the channel state information
between MU i and BS j, which is generally determined by
various factors such as path loss, shadowing and fading effects.
To simplify the problem, we assume that the channel gains
are frequency-flat across the whole bandwidth, and remain
unchanged during the whole transmission period. We denote
the set of MUs associated with BS j as Sj . Since only MUs
in the coverage of BS j are allowed to be associated with BS
j in SCNs, the set Sj only includes intracell MUs of BS j.
Suppose that the transmissions operate in the symbol time, and
each BS can synchronize the transmissions of its associated
MUs in each symbol time. In this case, each BS is equipped
with a SIC receiver for performing the NOMA scheme with
SIC. Specifically, the SIC receiver on BS j decodes the symbol
signals of MUs associated with BS j in each symbol time
while treating the signals of MUs associated with other BSs as
interference. In each symbol time, BS j randomly selects one
permutation of cancellation order set {1, · · · , |Sj |}, say π j ,
to decode the received symbols sequentially when it receives
the symbols from its associated MUs, where |Sj | means the
cardinality of Sj . Therefore, the instantaneous data rate of MU
i associated with BS j can be expressed as
)
(
pi gij
,
(1)
riπj = B log 1 +
Iintra-cell + Iinter-cell + nj
where nj denotes the thermal noise power at BS j, Iintra-cell
and Iinter-cell represent the out-of-cell interference and in-cell
interference of MU i. Since BS j performs the SIC to decode
the signals of its associated MUs, the in-cell interference
of MU i is calculated as the sum signal power from MUs
associated with BS j but decoded after MU i, i.e.,
∑
pk gkj ,
(2)
Iintra-cell =
k∈Sj :πkj >πij

where πij is denoted as the cancellation order of MU i in
the SIC permutation π j . Since BS j treats the signals of
MUs not associated with BS j as interference, the out-of-cell
interference Iinter-cell can be expressed as
Iinter-cell =

N
∑

∑

pi′ gi′ j .

(3)

j ′ =1,j ′ ̸=j i′ ∈Sj ′

We use qπj to denote the probability of choosing the ordering
permutation π j during the whole transmission period. We
use Πj to denote all permutations of cancellation order set
{1, · · · , |Sj |}. We use xij to denote the binary variable that
indicates whether MU i is associated with BS j for its load
traffic. In particular, xij is allowed to be one only when MU
i is associated with BS j at a satisfactory QoS level (e.g., the
minimum average-rate requirement in this paper), and zero
otherwise. Correspondingly, the average rate of MU i can be
expressed as
ri =

N
∑
j=1

xij (

∑

riπj qπj ),

(4)

∀π j ∈Πj
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and the satisfactory QoS level of MU i can be evaluated as
N
∑
ri ≥ ri,min (
xij ),

(5)

j=1

where ri,min represents the minimum average-rate requirement
of MU i when it is served. Without loss of generality, we
assume that qπj = |S1j |! for all π j in the following sections,
where (·)! means the number of possible permutations of |Sj |
objects from the set Sj .
Suppose that when MU i is associated with SBS j, SBS
j obtains a revenue of λi , where the revenue λi means the
payment of MU i for the service provided by SBS j. For
example, the payment of MU i can be interpreted as the service
fee set by the network operator. The overall revenue of BS
j is calculated as the weighted
∑Msum of the number of MUs
associated with BS j, i.e.,
ij . In the special case
i=1 λi x∑
M
where λi is equal to 1 for all MU i, i=1 λi xij is the total
number of MUs associated with BS j. For the purpose of
load balancing and interference management, all MUs have
to flexibly schedule their traffic among BSs. In this direction,
we aim at maximizing the system-wide utility and meanwhile
minimizing the total transmit power subject to the maximum
utility while meeting the minimum average-rate requirement of
each served MU through jointly optimizing the BS association
and power allocation of each MU in the network. In particular,
the system utility is considered as the sum of individual
utilities across BSs, where the individual utility of BS j is
formulated as an increasing ∑
concave function of total revenue
M
obtained by BS j, i.e., Uj ( i=1 λi xij ). For the brevity, we
write X = [xij ] and p = [pi ] as the BS association matrix and
the transmit power vector, respectively. Therefore, the joint
BS association and power control problem for uplink SCNs is
formulated as
P1-1:

N
∑

U ∗ = max
(p,X)

s.t.

ri ≥ ri,min (

j=1
N
∑

Uj (

M
∑

λi xij )

(6a)

i=1

xij ),

xij ≤ 1,

{
xij ∈ {0, 1}, if i ∈ Cj ,
xij = 0, otherwise,
0 ≤ pi ≤ Pi,max , ∀i ∈ M, ∀j ∈ N ,
M
∑
min
pi
N
∑
j=1

M
∑

λi xij )
i=1
{
cj ∑M
1−α
,
i=1 λi xij )
1−α ( ∑
M
cj log( i=1 λi xij ),

(6c)

i=1
M
∑

Uj (

λi xij ) = U ∗ ,

(7)

min θ

pi − (1 − θ)

i=1

∑

s.t.

M
∑

N
∑

Uj

M
(∑

j=1

λi xij

)

(8a)

i=1

qπj riπj xij ≥ ri,min xij

(8b)

π j ∈Πj

(6d)

N
∑

(6e)

j=1

(6f)

(6g)

i=1

(6b)-(6e),

α ≥ 0 and α ̸= 0
α = 1,

where α is a fairness parameter and cj is the QoS weight of
SBS j [46], [47]. Specifically, assuming that the QoS weights
are equal for all SBSs, α = 0, α = 1 and α → ∞ result in the
maximum of sum-revenue, the proportionally fairness, and the
max-min fairness, respectively. This implies that increasing α
leads to fairer load distribution among SBSs.
We note that Problem P1 is a mixed integer non-convex
optimization problem due to the products of optimization
variables (i.e., either pi xij or pi xij ′ ) in the constraints. Furthermore, it can be seen that there is an additional optimization
problem in the constraint for Problem P1. Thus, it is difficult
to solve Problem P1 based on the convex optimization arguments. To efficiently solve it, it is significant to combine
the two inter-related optimization problems into a single-stage
optimization problem via weighted summing the system-wide
utility and the total transmit power consumption.
Based on the idea of single-objective formulation technique
in [48], we transform Problem P1 into a single-stage optimization problem as follows:

(p,X)

(p,X)

s.t.

=

P2:

j=1

P1-2:

Uj (

(6b)

j=1
N
∑

constraint (6c) ensures that every MU can be served by at most
one BS. The constraint (6e) means that MU i can be associated
with BS j only when it is within the coverage of BS j. The
second-stage subproblem (6f) means that every served MU
should be associated with the right BS with the minimum total
transmit power when the system utility is maximized. In the
practical SCN, different types of base stations have different
coverage, and the coverage of MBSs is generally much larger
than that of SBSs.
Noticeably, we can strike different balances between the
overall revenue and fairness among
∑MSBSs by appropriately
choosing the utility function Uj ( i=1 λi xij ). For example,
one class of utility functions correspond to

(6h)

where Cj denotes the set of MUs in the coverage of BS j.
Specifically, the constraint (6b) means that to guarantee the
service quality, the obtained average rate has to satisfy the
minimum average-rate requirement for MU i in service. The

xij ≤ 1, xij ∈ {0, 1},

(8c)

0 ≤ pij ≤ Pi,max , ∀i ∈ M, ∀j ∈ N ,
where θ is a constant satisfying
M
{
}
∑
min Uj′ ( λi )λi
i,j
i=1
0≤θ≤ M
.
M
{ ′ ∑
}
∑
Pi,max + min Uj ( λi )λi
i=1

Here, Uj′ (

M
∑
i=1

rj with rj =

i,j

(8d)

(9)

i=1

λi ) is the first-order derivative of Uj (rj ) over
M
∑

λi . Furthermore, the following proposition

i=1
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shows that given θ as in (9), we can equal Problem P1 to
Problem P2.
Proposition 1. Given θ as in (9), the optimal solution to
Problem P2 optimizes Problem P1.
Proof: Let (p∗ , X ∗ ) be the optimal solution to Problem P1.
Let (p′ , X ′ ) be any feasible solution of Problem P2. Since
the constraints (4c)-(4e) of Problem P1 is the same as the
constraints (6b)-(6d) of Problem P2, (p∗ , X ∗ ) is also the feasible solution of Problem P2. For the
convenience
(∑M
)
∑notational
N
in the following proof, we let ∆U = j=1 Uj
λi x∗ij −
i=1
(∑M
)
∑N
∑
∑
M
M
′
∗
′
j=1 Uj
i=1 λi xij and ∆P =
i=1 pi −
i=1 pi . Due
to the increasing concavity of Uj (·), we have
M
{ ∑
}
∆U ≥ min Uj′ (
λi )λi .
i,j

(10)

i=1

This implies that
θ∆P − (1 − θ)∆U
M
M
{
}
∑
∑
min Uj′ ( λi )λi ∆P −
Pi,max ∆U
i,j
i=1
i=1
≤
M
M
{
}
∑
∑
Pi,max + min Uj′ ( λi )λi
i,j

i=1

i=1
M
∑

M
{
}
∑
min Uj′ ( λi )λi (∆P −

≤

i,j

i=1

M
∑
i=1

{
Pi,max + min Uj′ (
i,j

i=1
M
∑

(11)

Pi,max )

λi )λi

= ∆.

}

i=1

Since the value of ∆P is in [−

M
∑
i=1

further get from (11) that

Pi,max ,

M
∑

Pi,max ], we

The key idea of the PCSUM algorithm largely comes from the
theory of coalition formation game [49]. For the convenience
of readers, we first review some preliminaries on coalition
formation games in Subsection III-A before presenting the
PCSUM algorithm in Subsection III-D.
A. Preliminaries Related to Coalition Formation Games
A coalitional formation game is formulated as a triplet
(S, ν, B) in [49]. In particular, S denotes a set of players who
seek to form cooperative groups, i.e., coalitions, in order to
strengthen their positions in the game. B is a partition of S,
i.e., a collection of coalitions B = ∪
{S1 , · · · , Sl }, such that
l
Sj ∩ Sj ′ = ∅ for all j ̸= j ′ , and j=1 Sj = S. ν is the
coalition value quantifying the gain of a coalition in the game,
which is defined as ν(Sj , B) for the coalition Sj ∈ S. It is
worth noting that the coalition value of Sj , i.e., ν(Sj , B), also
depends on the partition of B.
The main theme of coalitional formation games is to present
a partition of the players such that the sum of coalition
values of all coalitions is maximized. For this purpose, an
initial partition, say B0 , is first defined in the coalitional
formation
game. Then,∑
assume a possible partition, say B1 . If
∑
ν(Sj , B1 ) ≤
ν(Sj , B0 ), then the partition B1 is
∀Sj ∈B1

∀Sj ∈B0

considered as a better partition for the players. By doing so,
we find the best partition in the coalitional formation game
at last. Therefore, the most important objective of coalitional
formation games is to provide low-complexity algorithms for
building a partition of MUs related to BS association with
power control in our work.

i=1

B. Formulation as a Coalition Formation Game
∆ ≤ 0.

(12)

Together with the fact that (p∗ , X ∗ ) is the feasible solution of
Problem P2, it follows that (p∗ , X ∗ ) is also the optimal solution to Problem P2. Hence, Proposition 1 follows immediately.

Proposition 1 implies that we can achieve the same performance as expressed Problem P1 through solving Problem
P2, as long as we tune the weight θ in the range given by (9).
Specially, we note that Problem P2 reduces to the pure system
utility maximization problem when θ = 0, in which there is
no need to minimize the total power consumption.
Notably, Problem P2 is now a mixed-integer non-convex
single-objective optimization problem. Due to the existence
of integer variables (i.e., xij ’s) and continuous variables (i.e.,
pi ’s), Problem P2 is essentially combinatorial optimizations
related to the joint BS association and power control. Thus,
we show in the next section that Problem P2 can be solved
efficiently by the theory of coalition formation games and the
idea of simulated annealing.
IV. T HE PCSUM A LGORITHM
In this section, we propose a novel Power Controlled
System-wide Utility Maximization algorithm, referred to as
PCSUM, to efficiently solve Problem P2 based on its nature.

Note that the objective of Problem P2 is to obtain the
optimal partition of MUs that maximizes the power controlled system-wide utility. In particular, every served MU
is associated with the right SBS with the minimum total
transmit power in the optimal partition of MUs. Therefore,
we can formulate Problem P2 as a coalition formation game,
in which the set of players corresponds to the set of MUs,
i.e., M. Assume that the partition of MUs has the form of
B = {S1 , · · · , SN , SN +1 }, where the coalition Sj is the set
of MUs served by SBS j for all j ≤ N , and the coalition
SN +1 is the set of MUs not associated with any BS yet. Since
the constraint (8c) shows that every MU is served by at most
one SBS, every coalition Sj must satisfy Sj ∩ Sj ′ = ∅ for all
∪N +1
j ̸= j ′ , and j=1 Sj = M. This implies that when all MUs
are served by SBSs, the coalition SN +1 is empty. Based on
the objective function of Problem P2, we define the partition
function in the following form:
 ∑
∑
θ
p̂i − (1 − θ)Uj (
λi ), if j ∈ N ,
∀i∈Sj
∀i∈Sj
ν(Sj , B) =
0, otherwise, i.e., j = N + 1,
(13)
where p̂i means the optimal transmit power of MU i under
the partition B.
It is clear that given the partition of MUs, i.e., B, the SBS
association is then determined for every MU. In particular, if
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MU i belongs to the coalition Sj (∀j ∈ N ), then xij = 1,
and xij ′ = 0 for all j ̸= j ′ otherwise. However, the optimal
transmit power from MU i to SBS j (i.e., p̂i ) is still unknown,
even the partition of MUs is given. This implies that before
calculating the partition function ν(Sj , B), we first need to
obtain the optimal transmit power p̂i ’s for Problem P2 based
on the partition B. In the following, we will introduce how to
obtain p̂i ’s from a given partition B.
C. Achievement of Transmit Power
Given the partition B = {S1 , · · · , SN , SN +1 }, we have the
BS association matrix X = [xij ]i∈M,j∈N satisfying
{
1, if i ∈ Sj ,
xij =
(14)
0, otherwise.
Once the BS association matrix X is determined, the optimal
power allocation of Problem P2 can be obtained as follows.
If MU i is not associated with any SBS (i.e., i ∈ SN +1 ), then
its transmit power pi is equal to 0. Otherwise, we can obtain
other p̂i ’s (i.e., all i ∈
/ SN +1 ) through solving the following
total transmit power minimization problem:
∑
P3:
min
pi
(15a)
′
pi s

Πbji = {π j |πji′ j > πji j : bji ji′ = 0, πji′ j < πji j : bji ji′ = 1,
and π j ∈ Πj }.
(17)
Correspondingly, the probability of choosing Πbji can be
expressed as

∀i∈S
/ N +1

∑

s.t.

ordering permutations. From the constraint (16c), given any
two ordering permutations π j and π̄ j , we have riπj = riπ̄j
according to the SINR term in (16c) if {k|k ∈ Sj : πkj > πij }
coincides with {k|k ∈ Sj : π̄kj > π̄ij }. This implies that we
can reduce the number of variables riπj ’s by classifying all
ordering permutations which can achieve the same data rate
for MU i into a set. For the brevity, we re-index the MU i
served by BS j as ji , and we sort all MUs served by BS j in
the increasing order of index i. We then use an (|Sj | − 1)-bit
binary number (say bji ) in the form of bji = (bji ji′ )∀i′ ∈Sj \i to
represent the successive cancellation orders of the other MUs
associated with BS j. Specifically, each bit bji ji′ is equal to
zero if MU ji′ is decoded after MU ji , and it is equal to
one otherwise. Therefore, the set of ordering permutations that
achieve the same rate for MU ji can be expressed as

qπj riπj ≥ ri,min ,

∑

qbji =

π j ∈Πbj

(15b)

qπ j =

Nzero !(|Sj | − 1 − Nzero )!
,
|Sj |!

(18)

i

π j ∈Πj :i∈Sj

0 ≤ pi ≤ Pi,max , ∀i ∈ Sj , ∀j ∈ N .

(15c)

The following Theorem 1 shows the convex nature of
Problem P3.
Theorem 1. Problem P3 can be turned into a convex optimization problem through the one-to-one logarithmic domain
and range transformation.

where Nzero represents the number of zeros in the (|Sj | − 1)bit binary number bjk . We use r̂bji to denote the data rate
of MU ji under the ordering permutations belonging to Πbji .
Therefore, we can rewritten Problem P4 as

P5:

Proof Sketch: Consider riπj ’s as new variables, and rewrite
Problem P3 as
∑
P4:
min
pi
(16a)

s.t.

min
′

p ji s

s.t.

qπj riπj ≥ ri,min ,

(19a)

r̂bji qbji ≥ rji ,min /B,

(19b)

bji =0

(16b)

π j ∈Πj :i∈Sj

(

vars.:

pji

j=1 ∀i∈Sj

|−1
2|Sj∑
−1

∀i∈S
/ N +1

∑

N ∑
∑

)
pi gij
B log 1 +
≥ riπ(16c)
j,
Iintra-cell + Iinter-cell + nj
0 ≤ pi ≤ Pi,max , riπj ≥ 0, ∀i ∈ Sj ,
(16d)
∀j ∈ N .

Note that the objective and constraint functions in Problem P3
are all monotonically increasing functions of pi ’s. It holds that
the optimal solution to Problem P4 will always occur when
these inequalities are satisfied with equality. This implies that
the constraint (16c) in Problem P4 is not a relaxation, and
Problem P4 is equivalent to Problem P3. We then prove the
convex nature of Problem P4 by the logarithmic domain and
range transformation in Appendix A.
We note that Problem P4 has to be solved over the SIC
ordering, and thus it is important to reduce the number
of variables riπj ’s for the efficient solution by classifying

vars.:

(I − Q)p ≥ u,
(19c)
0 ≤ pji ≤ Pji ,max , rbji ≥ 0, ∀i ∈ Sj , (19d)
∀j ∈ N .

Here, the matrix I is the

N
∑
j=1

|Sj |2|Sj |−1 ×

N
∑

|Sj | matrix with

j=1

every entry being

I(l+bji +1)n


j−1
1, if n = ∑ |S | + |I |,
m
ji
=
m=1

0, otherwise,

(20)

where Iji = {i′ |i′ ≤ i and i′ ∈ Sj }, and l =
j−1
∑
|Sm |2|Sm |−1 + |Iji |2|Sm |−1 . The matrix Q is a
m=1
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N
∑

N
∑

|Sj |2|Sj |−1 ×

j=1

|Sj | matrix satisfying

j=1

Q(l+bji +1)n
 r̂
b
j−1
j
∑
∑

(2 ji −1)gj ′ j

n

,
if
n
≤
|S
|
or
n
≥
|Sm | + 1,
m

g
ji j


m=1
m=1
r̂b
j−1
∑
= (2 ji −1)gji′ j
, if n =
|Sm | + |Iji′ | and bji ji′ = 0,


g ji j

m=1


0, otherwise,
(21)
N
∑
|Sj |−1
The vector u is a
|Sj |2
×1 vector with every element
j=1

being
ul+bji +1 =

(2

r̂bj

− 1)nj
.
gji j

i

(22)

After reducing the number of variables, we want to solve
Problem P5 (and hence Problem P4) in the following. Due to
the convex nature, the feasibility checking can be performed
via efficient interior-point algorithms proposed in [52]. If it
is feasible, the primal decomposition can be used to solve
Problem P5 by separating its optimization into two levels of
optimization [53] and then alternatively optimizing variables
r̂bji ’s and pji ’s in the two levels of optimization. At the lower
level, we have the subproblem that optimizes variables pji ’s
by solving Problem P5 when rbji ’s are fixed, i.e.,
min
′

N ∑
∑

p ji s

pji

j=1 ∀i∈Sj

s.t. (I − Q)p ≥ u,

(23)

0 ≤ pji ≤ Pji , max , ∀ji ∈
/ SN +1 .
At the higher level, we have the master problem that optimizes
the coupling variables r̂bji ’s with the updated pji ’s, i.e.,
min
r̂

s.t.

N ∑
∑

p̂ji (r̂)

j=1 ∀i∈Sj

|−1
2|Sj∑
−1

r̂bji qbji ≥ rji ,min /B, ∀ji ∈ Sj , ∀j ∈ N ,

bji =0

(24)
where r̂ are the vector of r̂bji ’s, and p̂ji (r̂) is the objective
value of problem (23) for given r̂.
Due to the convex nature of Problem P5, problems (23) and
(24) are both convex programs. In the following, we obtain
the optimal solution to Problem P5 by alternately solving
problems (23) and (24). We first focus on the solution to
problem (23). Since problem (23) is a linear programming,
we can solve it via existing simplex methods or interiorpoint algorithms [52]. Assume the optimal power allocation
and rate allocation to be p̂(t) and r̂(t) at the tth iteration,
respectively. Let diag(·) denote diagonalization, and [·]R{denote the projection onto the feasible convex set R = r̂ :
}
|−1
2|Sj∑
−1
r̂bji qbji ≥ rji ,min /B, ∀ji ∈ Sj , ∀j ∈ N . Due to
bji =0

the convex nature, the master problem (24) can be solved with
a projected subgradient method by updating r̂ as
[
]
r̂(t + 1) = r̂(t) + αt diag(λ∗ (t))(Q̂p̂(t) − û) , (25)
R

where [·]R means the Euclidean projection on R, αt > 0 is
the tth step size, the matrix Q̂ respectively satisfies
Q̂(l+bji +1)n
 r̂ (t)
bj
j−1
j

 2 i gjn′ j ln 2 , if n ≤ ∑ |S | or n ≥ ∑ |S | + 1,

m
m

g ji j


m=1
m=1
r̂b (t)
j−1
∑
= 2 ji gji′ j ln 2

, if n =
|Sm | + |Iji′ | and bji ji′ = 0,

g
j
j

i
m=1


0, otherwise,
(26)
the vector û satisfies
r̂bj (t)

ûl+bji +1 =

2

i

nj ln 2

gji j

,

(27)

and λ∗ (t) is the optimal multiplier vector corresponding to
the first constraint in problem (23) at the tth iteration.
Summarizing, we can now obtain the optimal transmit power of Problem P2 for a given partition B =
{S1 , · · · , SN , SN +1 } (i.e., Problem P3) via Procedure 1.
Procedure 1 Achieve the optimal transmit power of each MU
for a given partition B = {S1 , · · · , SN , SN +1 }
1: Obtain the BS association matrix X as shown in (14) by
the given partition B.
2: Let p̂i = 0 such that xij = 0 for all j. For all i and j
such that xij = 1, re-index the MU i served by SBS j as
ji , and sort all MUs served by SBS j in the increasing
order of index i.
3: Initialization: Check the feasibility of Problem P5 via
the interior-point method. If Problem P5 is infeasible,
BSs cannot serve all MUs in the partition B with feasible
transmit power, and we need to find a feasible partition
instead. Otherwise, set t = 1 and r̂(1) equal to some
feasible solution in R.
4: Obtain p̂(t) by solving the subproblem (23) via the
interior-point method when setting r̂ = r̂(t).
5: Update r̂(t + 1) by (25).
6: Set t ← t + 1 and go to step 4 (until satisfying the current
N
∑
∑
minimum, i.e.,
min
p̂ji (r̂(t0 )) is less than
t0 =1,··· ,t−1 j=1 ∀i∈S

j

7:

ϵ).
If not all served MUs have feasible transmit power in
the partition B, and we need to find a feasible partition
instead. Otherwise, we have the optimal power allocation
of MUs served in the partition B to be p̂ = p̂(t − 1).

D. The PCSUM Algorithm
The PCSUM algorithm works as follows.
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1) Initialization
Recall that the key idea of the PCSUM algorithm is to
find an optimal partition of MUs corresponding to the optimal
solution to Problem P1 from an feasible initial partition of
MUs. Thus, we first need to choose an initial feasible partition
(0)
(0)
(0)
B (0) = {S1 , · · · , SN , SN +1 } via the following operations.
(0)
(0)
Initially, let Sj = ∅ for all j ∈ N and SN +1 = M. Then,
we finish the structure of B(0) through M steps. In the ith
(0)
(0)
step, we remove MU i from SN +1 to Sj , which is randomly
(0)
(0)
chosen in {S1 , · · · , SN } and satisfies i ∈ Cj . When MU i is
(0)
included in the coalition Sj , we then check whether the new
(0)
B is feasible via Procedure 1. If the new B (0) is feasible,
(0)
(0)
then MU i is removed to Sj from SN +1 . Otherwise, MU i
(0)
still remains in SN +1 . By doing so, the initial feasible partition
B (0) is obtained after M steps. In particular, we can obtain
the initial partition B (0) as shown in Procedure 2.
Procedure 2 Achieve the initial feasible partition B (0) =
(0)
(0)
(0)
{S1 , · · · , SN , SN +1 }
1:
2:
3:
4:
5:
6:

(0)

Let SN +1 = M.
for MU i = 1 → M do
(0)
(0)
Remove MU i from SN +1 to Sj , which is randomly
(0)
(0)
chosen in {S1 , · · · , SN } and satisfies i ∈ Cj .
Check whether the new B(0) is feasible via the interiorpoint method.
(0)
If the new B (0) is feasible, then MU i is removed to Sj
(0)
(0)
from SN +1 . Otherwise, MU i still remains in SN +1 .
end for

2) Update of partition
As mentioned before, we have formulated Problem P2 as
the coalition formation game {M, ν, B}. Next, based on the
coalition formation game, we introduce how to iteratively
update the partition of MUs in the framework of simulated
annealing to obtain the optimal partition (and hence the
optimal solution to Problem P2).
The main operations work as follows at the kth iteration.
First, we randomly choose two MUs1 between two coalitions
from the partition Bk−1 . If the chosen MU is not within
the coverage of the other BS, then we keep this MU in
the current coalition and assume a virtual MU is chosen.
Second, we exchange these two MUs between these two
coalitions to obtain a temporal partition B̃. Third, we calculate
the BS matrix X and the optimal transmit power allocation
p̂ corresponding to B̃ by Procedure 1. If the partition B̃
is infeasible, then B̃ is rejected and Bk−1 keeps as the
partition Bk at the kth iteration. Otherwise, we∑calculate the
total coalition value on the partition B̃ (i.e.,
ν(Sj , B̃))
∀Sj ∈B̃

according to the BS matrix X and the power allocation
p̂ obtained by Procedure 1, where every term ν(Sj , B̃) is
calculated by (13). Finally, we compare the total coalition
1 When we choose one MU from the coalition S , the chosen MU is allowed
j
to be either a particular MU belonging to Sj or a virtual MU implying no
MU is chosen.

value on the
that on the partition Bk . If
∑ partition B̃ with ∑
we have
ν(Sj , B̃) ≤
ν(Sj , Bk−1 ), then B̃ is
∀Sj ∈Bk−1

∀Sj ∈B̃

accepted as the partition Bk with probability 1 at the kth
iteration. Otherwise, B̃ is accepted as the partition Bk with
a probability of exp( ∆
T ), and Bk−1 keeps as the partition Bk
with a probability of 1 − exp( ∆
T ) at the kth iteration, where
∑
∑
∆=
ν(Sj , Bk−1 )−
ν(Sj , B̃) and T is a control
∀Sj ∈Bk−1

∀Sj ∈B̃

parameter (also referred to as temperature). For convergence,
T decreases with each iteration. Intuitively, the acceptance of
uphill-moving becomes less and less likely with the decrease
of T , implying convergence
∑ when T is sufficiently small.
When B̃ is updated as Bk ,
ν(Sj , B̃) keep as the memory
∀Sj ∈B̃
∑
of
ν(Sj , Bk ), and the BS association matrix X and the
∀Sj ∈Bk

transmit power p̂ corresponding to B̃ is considered as the BS
association matrix X k and the transmit
∑ power p̂k at the kth
iteration. When Bk−1 keeps as Bk ,
ν(Sj , Bk−1 ) keep
∀Sj ∈Bk−1
∑
as the memory of
ν(Sj , Bk ), and the BS association
∀Sj ∈Bk

matrix X k−1 and the transmit power p̂k−1 obtained at the
(k − 1)th iteration keeps as the BS association matrix X k and
the transmit power p̂k at the kth iteration.
Having introduced the basic operations, we now formally
present the PCSUM algorithm2 as Algorithm 1.
E. Convergence and Complexity
Note that the implementation of the PCSUM algorithm
consisting of a series of Procedure 1. Before analyzing the
computational complexity, we need to analyze the computational complexity of Procedure 1. Therefore, the following
proposition shows the computational complexity of Procedure
1.
Proposition 2. Let the step size be 1t at the tth iteration. Then, the computational complexity that Procedure
1 obtains the ϵ-optimal solution3 to Problem P5 is of
N
√
∑
O( 5(A + B))+O(A0.5 e1/ϵ ) iterations. Here, A =
|Sj |
and B =

N
∑

j=1

|Sj |2

|Sj |−1

.

j=1

We provide details of the proof in Appendix B.
The following proposition discusses the convergence of the
PCSUM algorithm.
Proposition 3 ( [50], [51]). The PCSUM algorithm converges
to the global optimal solutions to Problem P2 (and hence
2 In SCNs, BSs are assumed to be connected to a cloud-computing server
provided by the network operator via the wired backhauls. Each BS needs to
collect the topology information of mobile users (e.g., the channel information
between MUs and BSs), and then sends the topology information to the server.
The server is responsible for running the PCSUM algorithm based on the
received topology information, and then informs each BS of the joint optimal
BS association and power control. Each BS further informs the served mobile
user of its possible transmit power.
3 In this paper, the ϵ-optimal solution means the feasible solution such that
the minimum obtained so far is ϵ less than the optimal value.
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Algorithm 1 The PCSUM Algorithm for solving Problem P2
(i.e., Problem P1)
1:

2:
3:
4:
5:
6:
7:

Initialization: Achieve the initial feasible partition B (0) =
(0)
(0)
(0)
{S1 , · · · , SN , SN +1 } by Procedure 2. Let k = 1, and
(1)
(0)
B =B .
repeat
Randomly choose two coalitions from the partition Bk ,
say Sj and Sj ′ .
Randomly choose two MUs, say i and i′ , from Sj and
Sj ′ , respectively.
Obtain a temporal partition B̃ through exchanging two
MUs i and i′ between Sj and Sj ′ .
Calculate the BS matrix X and the transmit power
matrix p̂ corresponding to B̃ by Procedure 1.
If the partition B̃ is infeasible, then B̃ is rejected and
Bk−1 keeps as the partition Bk at the kth iteration.
Otherwise, we further calculate
∑ the total coalition value
on the partition B̃ (i.e.,
ν(Sj , Bt )) according to
∀Sj ∈Bt

8:

the BS matrix X and the transmit power matrix p̂,
where every∑term ν(Sj , B̃) is calculated
by (13).
∑
Compare
ν(Sj , B̃) with
ν(Sj , Bk−1 ). If
∀Sj ∈B̃

we have

∑

ν(Sj , B̃) ≤

∀Sj ∈B̃

∀Sj ∈Bk−1

∑

∀Sj ∈Bk−1

ν(Sj , Bk−1 ), then

B̃ is accepted as the partition Bk with probability 1.
Otherwise, B̃ is accepted as the partition Bk with a
probability of exp( ∆
T ), and Bk−1 keeps as the partition Bk with a probability of 1 − exp( ∆
T ), where
∑
∑
ν(Sj , B̃).
∆=
ν(Sj , Bk−1 ) −
∀Sj ∈Bk−1

9:

∀Sj ∈B̃

When B̃ is updated as Bk ,
{X, p̂} keep as the memory of

∑

∀S
j ∈B̃
∑
∀Sj ∈Bk

ν̂(Sj , B̃) and
ν̂(Sj , Bk ) and

{X∑
k , p̂k }, respectively. When Bk−1 keeps as Bk ,
ν̂(Sj , Bk−1 ) and {X k−1 , p̂k−1 } keep as the
∀Sj ∈Bk−1
∑
ν̂(Sj , Bk ) and {X k , p̂k }, respectivememory of
∀Sj ∈Bk

10:
11:
12:
13:

ly.
k = k + 1.
T0
T = log(k)
.
until T < η (where η is a small positive number).
The optimal solution to Problem P1 is equal to
(X k−1 , p̂k−1 ).

Problem P1), as the control parameter T approaches to zero
T0
with T = log(k)
.
For practical implementation, a solution very close to the
global optimal solution4 is obtained when T < η.
The following proposition shows the computational complexity of the PCSUM algorithm.
Proposition 4. The computational complexity of the PCSUM
4 Since Problem P2 is a mixed-integer non-convex optimization problem,
there may exist several distinct global optimal solutions. The PCSUM algorithm is proposed for finding one such solution.

TABLE I
S IMULATION PARAMETERS
Simulation parameters

Value choice

Carrier frequency

900 MHz

Bandwidth

20 MHz

Path loss model

(128.1 + 37.6 log10 (d)) dB
(d in km)

Noise power spectral density

-174 dBm/Hz

Maximum transmit power Pi,max

20 dBm

Minimum average-rate requirement
ri,min

1 Mbps

√
algorithm is of (exp( Tη0 )+M )(O( 5(A + B))+O(A0.5 e1/ϵ ))
iterations.
Proof: The computational complexity of the PCSUM
algorithm comes from the initialization part and the repeat part. The initialization part consists of M Procedure
T0
1’s. The PCSUM algorithm converges when log(k)
< η,
T0
and thus exp( η ) Procedure 1’s are needed in the repeat
part. Every√Procedure 1 requires a computational complexity of O( 5(A + B))+O(A0.5 e1/ϵ ) by Proposition 2, and
thus the total computational complexity has (exp( Tη0 ) +
√

M )(O( 5(A + B))+O(A0.5 e1/ϵ )) iterations.
V. S IMULATION R ESULTS
In this section, we conduct simulations to illustrate the
effectiveness of the proposed PCSUM algorithm. Following
the networking parameters suggested in [54], we set the
simulation parameters in Table I.
A. Optimal SBS Association under Different System-wide Utilities
Example 1: In this simulation example, we want to verify the optimal BS association under different system-wide
utilities for the uplink SCN as shown in Fig. 1. Specifically,
one MBS and three SBSs are respectively placed in (100m,
100m), (300m, 100m), (300m, 300m), and (100m, 300m). The
coverage of MBS is an 1000-meter two-dimensional circle
plane, and the coverage of each SBS is a 300-meter twodimensional circle plane. 5 MUs, 10 MUs, 15 MUs, and 20
MUs are uniformly distributed in 100-meter two-dimensional
circle planes of MBS and SBSs, respectively. We set θ to be
0.01 by (9), and and set λi to be 1 for all MU i.
We first consider the system-wide utility as the overall
M
M
∑
∑
system revenue across BSs, i.e., Uj ( λi xij ) =
xij with
i=1

i=1

λi = 1 for all i. In this case, the overall system revenue is
evaluated as the maximal number of MUs that can be admitted
into the network given the MUs’ requirements, which is
referred to as the equivalent capacity in [55]. Fig. 2 shows the
optimal BS association that maximizes the equivalent capacity
and meanwhile minimizes the total power consumption based
on the maximum equivalent capacity for the network as shown
in Fig. 1. In particular, it can be seen that MBS, SBS 1,
SBS 2 and SBS 3 serve 5 MUs, 3 MUs, 7 MUs and 6

1536-1276 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TWC.2017.2664832, IEEE
Transactions on Wireless Communications
10

j=1

Uj (

M
∑

i=1

xij ) = min
j

M
∑

i=1

i=1
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Fig. 1.
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The optimal SBS association obtained when maximizing the
M
N ∑
∑
xij ) for the uplink SCN as in Fig. 1.
equivalent capacity (i.e.,
j=1 i=1

xij , respectively. Fig. 3 shows the

i=1

optimal BS association that maximizes the proportional fairness with minimum total power consumption in the network as
shown in Fig. 1, and Fig. 4 shows the optimal BS association
of maximizing the max-min fairness. In the comparison of
these three system utilities, we find that by the Jain’s fairness
index [56], the max-min fairness utility can achieve the highest
load balancing among BSs, although resulting in the fewest
MUs in service. This observation implies that the total number
of served MUs and the fairness of load balancing among BSs
are two competitive components. In other words, the fewer
MUs are served if we want the fairer load balancing among
BSs. Therefore, the appreciate system-wide utility function
needs to be chosen if we want to strike a balance between
the fairness of load balancing among BSs and the number of
MUs in service.
Example 2: This simulation example is to show the effect
of weight θ on the performance of the proposed algorithm. We
consider the same simulation topology as Example 1. Fig. 5
shows the number of served MUs and the power consumption
obtained by the proposed algorithm with different θ’s for
the equivalent capacity utility, the proportional fairness utility
and the max-min fairness utility, respectively. It can be seen

Specifically, the number of MUs in service is 5, 3, 7, and 6 associated to
MBS, SBS 1, SBS 2, and SBS 3, respectively.
500
MUs associated to SBS1
400

Y−Axis (meters)

N
∑

500

Y−Axis (meters)

MUs, respectively. The interesting observation in Fig. 2 reveals
that when maximizing the equivalent capacity with minimum
total power consumption, the optimal BS association causes
unbalanced load distribution among BSs. This observation
results from the co-channel interference between MUs, and
thus the neighboring BSs should use different spectrum for
improving the load balance in uplink SCNs. From Fig. 2,
we further find that not every served MU is associated with
the nearest BS when maximizing the overall system revenue
with minimum total power consumption. Such an observation
mainly results from the following reasons. On the one hand,
our work allows more than one users to be associated to
each BS, and applies the NOMA with SIC to reduce intracell interference. Also, each user is allowed to mitigate both
intra-cell and inter-cell interference with with power control
in which the transmit power of each user is not proportional
to the distance between the user and its associated BS any
more. As a result, some users that might be far from their
associated BSs would lower their transmit power due to lower
intra-cell interference, which further leads to lower inter-cell
interference. On the other hand, we adopt a random SIC order
in each symbol time to cancel part of intra-cell interference
for all users associated to the same BS, and thus we use the
average rate as the performance metric of users. This implies
that each user cannot achieve the same SINR target in each
symbol time even they have the same minimum average-rate
requirement. Therefore, under our proposed BS association
strategy, some users do not connect to the nearest BSs any
more by properly controlling transmit power of individual
users.
We further consider the system-wide utility as the proportional fairness and the max-min fairness among SBSs with
M
M
∑
∑
λi = 1 for all MU i, i.e., Uj ( xij ) = log( xij ) and
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The optimal SBS association obtained when maximizing the
N
M
∑
∑
log(
xij )) for the uplink SCN as in Fig

proportional fairness (i.e.,

j=1

i=1

1. Specifically, the number of MUs in service is 6, 3, 6, and 6 associated to
MBS, SBS 1, SBS 2, and SBS 3, respectively.
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min fairness (i.e., min
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Fig. 5. The effect of weight θ on the performance of the proposed algorithm
for the equivalent capacity utility, the proportional fairness utility and the
max-min fairness utility, respectively.

that the performance obtained by solving Problem P2 is
independent of the value of θ as long as θ satisfies (9). This is
because that by Proposition 1, the optimal solution to Problem
P2 achieves the optimal objective of Problem P1 when θ
satisfies (9).
B. Performance Comparison
To the best of our knowledge, there are no algorithms proposed with the same goal in the literature. For the comparison
with our proposed joint optimization of BS association and
power control, we therefore introduce two baseline schemes:
the max-SNR BS association scheme [16] and the random
BS association scheme [45]. The max-SNR scheme works
as follows: each MU i is first associated with the BS that
poses the strongest SNR when the MU i transmits with the
maximum transmit power, and then all MUs optimize their
transmit power by Procedure 1. The random scheme works as
follows: each MU i is first associated with one BS randomly,
and then all MUs optimize their transmit power by Procedure

Example 3 (Performance comparison at different densities
of MUs) We consider a set of uplink SCN topologies, where
we vary the number of MUs from 20 to 60, and set the number
of BSs to be 4. Specifically, the four SBSs are respectively
placed in (500m, 500m), (1500m, 500m), (1500m, 1500m)
and (500m, 1500m), and all 50 MUs are uniformly distributed
in an 1000-meter two-dimensional circle plane whose center
is at (1000m, 1000m). The coverage of each SBS is 1000m.
Each point in Fig. 6 is obtained by averaging over 100 different
topologies with the same density of MUs.
From Fig. 6, it is seen that the obtained utility, the number
of served MUs, and the total power consumption all increase
with the increase of the number of MUs for any scheme.
This is because that more possible MUs can be served with
increasing the number of MUs, however, the increase of MUs
in service requires more transmit power to combat the more
severe co-channel interference. It is not surprising to see
that the proposed algorithm always performs better than the
baseline schemes. For example, compared with the max-SNR
BS association scheme and random BS association scheme, the
max-min fairness utility and the proportional fairness utility
increase 23% and 30% on average, respectively. This is mainly
because that compared to the baseline schemes, the proposed
algorithm makes every MU have more freedom to choose its
corresponding BS when maximizing the number of served
MUs with minimum total power consumption.
Compared with the proportional fairness utility, the maxmin fair utility can guarantee the fairer load balancing among
BSs. Comparing Fig. 6(a) with Fig. 6(b), however, we can see
that given the number of MUs, the fairer load balancing among
BSs leads to fewer MUs in service. It implies that we need
to carefully determine the system-wide utility when certain
system performance is required.
Example 4 (Performance comparison at different densities
of SBSs) We consider a set of uplink SCN topologies, where
we vary the number of SBSs from 2 to 6, and set the number
of MUs to be 50. Specifically, all BSs and MUs are randomly
distributed in an 1000-meter two-dimensional circle plane
whose center is at (1000m, 1000m). Each point in Fig. 7 is
obtained by averaging over 100 different topologies with the
same density of BSs.
It is not surprising to see that the proposed algorithm always
performs better than the baseline schemes. From Fig. 7(a),
we can find that the max-min fairness utility decreases with
increasing the number of SBSs for all three schemes. On the
contrary, it is shown in Fig. 7(b) that the proportional fairness
utility first increases and then decreases with increasing the
number of SBSs for all three schemes. Furthermore, it can
be seen that the number of served MUs and the total power
consumption both first increase and then decrease with the
increase of the number of SBSs for the proposed algorithm
and the random BS association scheme. Since all SBSs must
be active to serve existing MUs for maximizing the max-min
fairness utility and proportional fairness utility and all SBSs
use the same spectrum, increasing the density of SBSs results
in the severer co-channel interference. When the co-channel
interference can be alleviated by the joint optimization of BS
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association and power control, increasing SBSs can increase
the number of served MUs (and hence the system-wide utility
and total power consumption). On the contrary, the increase
of BSs will lead to the decrease of the number of served
MUs (and hence the degradation of system-wide utility and
the reduction of total power consumption) when the severe cochannel interference cannot guarantee the minimum averagerate requirements of served MUs any longer. Therefore, although the deployment of SCNs can improve the network
performance, the performance improvement is bounded due to
the co-channel interference. This observation implies that to
serve more MUs, effective spectrum allocation is indispensable
along with increasing the density of SBSs.
Example 5 (Performance comparison at different minimum
average-rate requirements) We consider a set of uplink SCN
topologies, where 4 SBSs and 50 MUs are randomly distributed in an 1000-meter two-dimensional circle plane entered at
(1000m, 1000m). In this simulation example, we vary the
minimum average-rate requirement from 1.0 Mbps to 5.0
Mbps for all MUs. Fig. 8 shows the obtained system-wide
utility, the number of served MUs and the total transmit power
averaged over 100 different topologies for three schemes under
different system-wide utilities.
It can be seen from Fig. 8 that the obtained system-wide

utility and the number of served MUs both decrease with
the increase of the minimum average-rate requirement. This
is mainly because that more power consumption is needed for
every MUs to satisfy the increase of the minimum averagerate requirement, which leads to the stronger interference
among MUs. Furthermore, we find that the power consumption
per served MUs increases with the increase of the minimum
average-rate requirement. This observation is mainly due to
that every served MU needs more transmit power to satisfy
the increase of the minimum average-rate requirement.
VI. C ONCLUSIONS
In this paper, we have studied the joint optimization of
BS association and power control that maximizes the systemwide utility and meanwhile minimizes the total transmit power
for the maximum utility in the uplink SCN using NOMA
with SIC. Specifically, we first transform such a two-stage
optimization problem into a single-stage optimization problem.
Then, the equivalently transformed optimization problem is
efficiently solved by the proposed PCSUM algorithm that is
developed based on the theories of coalition formation game
and primal decomposition. By comparing with the proposed algorithm through extensive simulations, we have gained deeper
understanding of the baseline schemes: the max-SNR scheme
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and the random scheme. Simulations further show that the
proposed algorithm performs better performance in terms of
system-wide utility and total power consumption for the joint
optimization of BS association and power control.
For our future work, we will develop distributed algorithms
to expedite the convergence and reduce the computational
complexity. Furthermore, the mobility of MUs will be taken
into account when designing the joint BS association and
power control for SCNs. On the other hand, the joint optimization of BS association, power control, and SIC ordering
is a challenging work on improving the network performance
for the uplink SCN using NOMA with SIC, and thus it will
be studied in our future work.

A PPENDIX A
P ROOF OF T HEOREM 1
Under the logarithmic domain transformation, let p̄i =
log(pi ) and r̄iπj = log(riπj ). Due to the fact that the
function log(log(1 + ex1 + · · · + exn )) is concave, the function
at the left-hand side of constraint (16b) ∑
can be converted
qπj er̄iπj )))
into a concave function (i.e., log(log(
π j ∈Πj :i∈Sj

through the logarithmic range transformation. Further, we can
rewrite the function at the left-hand side of constraint (16c) as
log(log(1 + efij )) through the logarithmic
and range
∑ domain
transformation, where fij = − log(
e−p̄i +p̄k gkj +
N
∑

4
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(a) The max-min fairness
Fig. 8.
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2.2

∑

j ′ =1,j ′ ̸=j i′ ∈Sj ′

k∈Sj :πkj >πij

e−p̄i +p̄i′ gi′ j +e−p̄i nj ) + log gij . Since the

function log(log(1 + ex1 + · · · + exn )) is concave and nondecreasing in each argument, the concavity of the function fij
leads to the concavity of log(log(1 + efij )). Together with
the term at the right-hand side of constraint (16c) being r̄iπj ,
it follows that the constraint (16c) can be transformed into a
convex set. Finally, we find
the objective is equal to the
∑ that
convex function log(
ep̄i ). In summary, Problem P4
∀i∈S
/ N +1

is now converted into a convex optimization problem. Since
Problem P4 is the equivalent problem of Problem P3, Theorem
1 follows.

A PPENDIX B
P ROOF OF P ROPOSITION 2
The operations of Procedure 1 include two folds in the worst
case: the feasibility checking and the optimal solution search.
Since we check the feasibility via the interior-point algorithm,
the computational
complexity of feasibility checking is equal
√
to O( 5(A + B)) [52].
After that, we adopt the primal decomposition with the
projected subgradient method to find the optimal solution to
Problem P5. Recall that a linear programming is solved via the
interior-point algorithm at each iteration of Procedure 1, and
its computational complexity is O(A0.5 ). On the other hand,
an Euclidean projection is performed for solving the master
problem at each iteration of Procedure 1, which gives the computational complexity of O(1). Therefore, the computational
complexity of Procedure 1 is O(A0.5 ) at each iteration.
Next, we verify how many iterations are needed when
Procedure 1 obtains the ϵ-optimal solution. For the natational brevity, we use h(t) to denote the subgradient (i.e.,
diag(λ∗ (t))(Q̂p̂(t) − û)) and use f (r̂(t)) to denote the
N
∑
∑
objective function (i.e.,
p̂ji (r̂(t))) in the following
j=1 ∀i∈Sj

proof. Assume that r̂ ∗ is the optimal solution to Problem P5,
and correspondingly the optimal power allocation is p̂(r̂ ∗ ).
As shown in (25), the projected subgradient method is used to
update r̂(t). It implies that we move closer to every point in R
when we project the point r̂(t) + αt h(t) onto R. Specifically,
let y(t + 1) = r̂(t) + αt h(t), and we have
||r̂(t + 1) − r̂ ∗ ||2
=||[y(t + 1)]R − r̂ ∗ ||2
≤||y(t + 1) − r̂ ∗ ||2
=||r̂(t) − αt h(t) − r̂ ∗ ||22
=||r̂(t) − r̂ ∗ ||22 + αt2 ||h(t)||22 − 2αt (h(t))T (r̂(t) − r̂ ∗ )
≤||r̂(t) − r̂ ∗ ||22 + αt2 ||h(t)||22 − 2αt (f (r̂(t)) − f (r̂ ∗ ))

(28)
where (·)T denotes transpose. The last line in (28) follows
from the definition of subgradient, which gives f (r̂ ∗ ) ≥
f (r̂(t)) + (h(t))T (r̂(t) − r̂ ∗ ). Applying the inequality (28)
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recursively, we have
||r̂(t + 1) − r̂ ∗ ||2 ≤||r̂(1) − r̂ ∗ ||22 +

t
∑

αt20 ||h(t0 )||22

t0 =1

−2

t
∑

(29)
∗

αt0 (f (r̂(t0 )) − f (r̂ )).

t0 =1

Due to the fact that ||r̂(t + 1) − r̂ ∗ ||22 ≥ 0, it follows that
2

t
∑

αt0 (f (r̂(t0 ))−f (r̂ ∗ )) ≤ ||r̂(1)−r̂ ∗ ||22 +

t0 =1

t
∑

αt20 ||h(t0 )||22 .

Since the computational complexity is O(A0.5 ) at each iteration of Procedure 1, it follows that the computational
complexity is O(A0.5 e1/ϵ ) when the ϵ-optimal solution is
obtained by Procedure 1. Considering the√feasibility checking
has the computational complexity of O( 5(A + B)) [52], it
follows that
√ the total computational complexity of Procedure
1 is of O( 5(A + B)) + O(A0.5 e1/ϵ ) iterations, as shown in
Proposition 2.
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