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I. I NTRODUCTION
The next-generation electricity grid, commonly referred to
as the smart grid, incorporates information and communication
technology into various aspects of a power system, such as
generation, transmission, distribution, and consumption. As
nearly 90% of power outages and disturbances are related
to the distribution network, distributed energy storage has
become one of the key technologies to improve the efficiency
and reliability of a smart grid [1]. At the same time, with
the fast developing plug-in electric vehicles, the vehicle-togrid (V2G) system is emerging as an auxiliary distributed
storage, which exploits the capacity of vehicle batteries [2].
A key feature of the V2G system is a bidirectional energy
delivery mechanism which enables the electric vehicle to either
draw energy from or feed energy back to the grid. Aided
by communication technologies, the energy delivery can be
controlled in a smart way to reduce the transport cost while
improving the grid stability.
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Fig. 1: Ontario electricity TOU price [4].
Energy demand (kWh)

Abstract—As an important component of smart grid, the
vehicle-to-grid (V2G) system is recently introduced to enable
bidirectional energy delivery between the power grid and plugin electric vehicles. Communication technology is incorporated
to facilitate the energy delivery by providing electricity pricing
and energy demand information. However, different from the
stationary energy storage systems, the energy store-carry-anddeliver mechanism for a V2G system poses new challenges for
performance optimization, such as bi-directional energy flow
and non-stationary energy demand. How to utilize the statistical
information provided by the communication system to achieve
efficient energy delivery is critical for a V2G system and is
still an open issue. In this paper, we address a specific problem
in this new research area, i.e., daily energy cost minimization
of vehicle owners under time-of-use (TOU) electricity pricing.
We investigate a plug-in hybrid electric vehicle (PHEV) with a
realistic battery model, which is general for both battery electric
cars and plug-in hybrids. A dynamic programming formulation
is established by considering the bidirectional energy flow, nonstationary energy demand, battery characteristics, and TOU electricity price. We prove the optimality of a state-dependent doublethreshold (or (S, S ′ )) policy based on the stochastic inventory
theory. A modified backward iteration algorithm is devised for
practical applications, where an exponentially weighted moving
average (EWMA) algorithm is used to estimate the statistics of
PHEV mobility and energy demand. The performance of the
proposed scheme is demonstrated by simulations based on survey
and real data collected from Canadian households. Numerical
results indicate that our proposed scheme performs closely to a
scheme with a priori knowledge of the PHEV mobility and energy
demand information. Compared with the existing approaches,
the proposed scheme can achieve energy cost reduction, which
increases with the battery capacity.
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Fig. 2: Hourly energy demand of a household in Waterloo
region during a week of June.
Two major applications of a V2G system are load shaving
and frequency regulation [3]. Load shaving aims at using the
energy stored in electric vehicles to compensate for the peak
load of the grid. From the vehicle owners’ point of view,
since electricity price is determined by demand, the transport
cost can be relatively reduced by drawing “cheap” energy
from the grid, and vice versa. Frequency regulation is an
ancillary mechanism to fine-tune the frequency of the grid
in a small time scale, e.g., minutes. Frequency regulation may
not necessarily involve energy delivery but simply the use of
the capacity of vehicle batteries. Therefore, a small number of
vehicles can saturate the demand of frequency regulation [2].
In this work, we focus on load shaving applications where
energy delivery is a main concern. Specifically, we investigate
the daily energy cost minimization of vehicle owners under
time-of-use (TOU) electricity pricing, which is one of the
main thrusts of the load shaving applications [2]. TOU is
one category of time-based electricity pricing where the price
is predetermined (typically on a half-yearly basis) and can
be utilized by the customers. An example is shown Fig. 1
for the Ontario electricity TOU price established since May
2011 [4]. Smart meters are installed to automatically record
energy demand on an hourly basis to implement the TOU
pricing. Currently, the TOU based recharging controller is
already adopted by plug-in hybrid electric vehicles (PHEVs)
such as Chevrolet Volt [5]. For developing V2G systems, the
electricity pricing and energy demand information is automatically transmitted to a vehicle controller via wireline/wireless
communications to facilitate the decision on bi-directional
energy delivery [6].
In literature, the energy cost minimization problems of V2G
systems are addressed in [7] [8]. The proposed schemes are
tailored for frequency regulation applications with stationary
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vehicles. However, for load shaving applications, the statistics
of vehicle commute should be considered since the electric
motor is a major consumer of battery energy. Taking account of stochastic energy demand information, the energy
cost minimization problem is investigated for data centers
with uninterrupted power supply (UPS) units [9]. In order
to reduce the computational complexity for large-scale data
center applications, a Lyapunov optimization technique is used
by assuming i.i.d. demand to prove an average performance
guarantee. Similarly, an online algorithm can be designed
based on the i.i.d. demand assumption with worst-case performance guarantee [10]. However, for a V2G system where
the vehicle mobility in daily commute is highly non-stationary,
the i.i.d. assumption on demand statistics can hardly be valid.
The economic issues of using PHEV battery packs for grid
storage are discussed in [2], which is most closely related
to our work. However, the work in [2] targets at household
energy saving when the vehicle is parked at home, without
taking account of daily commute. Obviously, for a V2G system
with bidirectional energy delivery, the peak period with high
electricity price should be considered. As shown in Fig. 21 ,
the household demand mainly occurs during the off-peak and
mid-peak hours (see Fig. 1) because of appliance usage such
as heating/cooling, cooking, and washing. Optimal energy delivery can hardly be achieved if the on-peak hours (see Fig. 1),
during which the vehicles are likely to be parked at the work
places, are ignored. Therefore, the traditional energy storeand-deliver approach should be transformed into an energy
store-carry-and-deliver mechanism to facilitate V2G applications. Although the energy management concept is analogous
to the store-carry-and-forward data packet delivery concept
in delay tolerant networks (DTNs) [12] which can exploit
node mobility statistics, the unidirectional energy delivery and
simplified battery model in DTN energy management [13]–
[15] are not suitable for V2G applications. How to achieve
optimal energy delivery by jointly considering bi-directional
energy flow, vehicle mobility pattern, realistic battery model,
and TOU electricity price is still an open issue.
In this paper, we focus on a PHEV model which is general
to include both battery electric cars and plug-in hybrids. We
model the PHEV energy demand as a Markov modulated
process, where the underlying Markov chain is non-stationary
to reflect the mobility pattern of the PHEV at different
times of a day. We consider a realistic battery model which
includes energy and value loss in recharging/discharging, limited battery capacity, limited recharging/discharging rate, and
self-discharge effect. The energy cost minimization problem
is formulated based on dynamic programming. In order to
reduce the computational complexity, we further investigate
the problem and reveal that a state-dependent double-threshold
(or (S, S ′ )) policy is optimal based on the stochastic inventory
theory. A modified backward iteration algorithm is developed
to compute the optimal policy with an exponentially weighted
1 The data is collected from the smart meter readings of a household
subscribed to Waterloo North Hydro [11], to be discussed in Section VI.
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Fig. 3: An illustration of the system model.
moving average (EWMA) estimation of the statistics of the
PHEV mobility and energy demand. The efficiency of the
proposed scheme is demonstrated by illustrative examples
and simulations based on realistic TOU pricing, household
demand, and commute patterns. To the best of our knowledge, this is the first work in literature to prove an optimal
bi-directional energy delivery policy under a non-stationary
demand and devise an approximation algorithm to facilitate
practical applications. The result obtained in this paper can
provide a good reference for PHEV operation cost reduction
and utilities for better grid operation. Beyond PHEV applications, the optimal policy can also shed light on other energy
management problems in DTNs and power systems which are
(partially) featured by realistic battery model, non-stationary
energy demand, and bi-directional energy flow.
II. S YSTEM M ODEL
An illustration of the system model is given in Fig. 3.
The PHEV controller manages battery recharging/discharging
when the PHEV is connected to the power grid, and operates
the electric motor and combustion engine when the PHEV is
commuting. The battery status and commute energy demand
can be directly monitored by the PHEV controller. Based
on the communication functionality of the V2G system, the
information of electricity price, PHEV mobility status, and
household energy demand is acquired by the PHEV controller
via wireline/wireless links. We consider a time slotted system.
Time is partitioned into periods with equal duration T . Within
each period, the mobility status of the PHEV stays unchange
and the price of electricity remains constant.
A. PHEV Mobility and Energy Demand
The PHEV mobility is modeled as a Markov chain [16].
Without loss of generality, we consider three states of the
PHEV mobility, i.e., home (H), work (W), and commute (C).
An extension is straightforward to include more locations by
increasing the state space. Taking account of the non-stationary
PHEV mobility, the state transition probabilities are timedependent. Given period n (n = 0, 1, 2, · · · ) and the current
state sn , the probability for the state to be sn+1 in period
n + 1 is Pn (sn+1 |sn ) (sn , sn+1 ∈ {H, W, C}), where period
0 corresponds to the first period of a day.
Fig. 3 shows the grid connections of the PHEV for the
three states. The PHEV battery can be used by household
appliances and the V2G system [2]. When sn = H or W,
energy can be either drawn from or fed back to the grid based
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on the bi-directional plugs of a V2G system. However, the
household appliances can use the energy in the battery only
when sn = H. Let random variable ξn denote the household
energy demand in period n based on the smart meter readings.
When sn = C, the energy in the battery is used to drive the
electric motor. Let random variable ζn denote the transport
demand in period n given sn = C.
B. Electricity Pricing
TOU electricity pricing is considered for the V2G system
[2]. In period n, the cost of drawing z units of energy from
the grid is given by cgn (z) = rn z, where rn is the TOU
price. The net metering arrangement is considered for the
pricing of energy feedback to the grid. Rather than paying
cash, the net meter spins backward as the excess energy is fed
into the grid [17]. As a result, the same TOU price can be
achieved for buying and selling energy2 , while selling energy
can be considered the same as reducing the energy drawn from
the grid by the neighborhood (when sn = H) or workplace
appliances (when sn = W) [2]. We do not consider the spatial
difference in electricity price since most daily commute is over
a relatively short distance. For instance, 75% of Americans
commute 65 km or less round-trip [5]. However, an extension
is straightforward by considering the specific locations of
home and work.
If battery is depleted when sn = C, gasoline is used to drive
the combustion engine and thus the PHEV3 . The average cost
of using gasoline to satisfy z units of energy demand in period
′
n is cm
n (z) = rn z. Since the gasoline price fluctuates at a much
slower rate than the electricity price, constant approximation
is typically used, i.e., rn′ = r′ [5].
C. Battery Model
Consider a realistic battery model which includes energy
and value loss in recharging/discharging, limited battery capacity, limited recharging/discharging rate, and self-discharge
effect [2] [9] [10] [18]. For each recharge and discharge
of the battery, a certain amount of energy is lost because
of the battery conversion loss. Therefore, we use a virtual
capacity of the battery such that all stored energy can be used.
Specifically, when z units of energy is used to recharge the
battery, the energy that can be fed back to the grid or used
by the household appliances is ηz (0 < η < 1), where η
is the round-trip efficiency which merges the energy loss in
both recharging and discharging [10]. Moreover, the lifetime
of a battery is shortened for each recharging/discharging cycle
since the capacity of the battery slowly deteriorates following
the depth-of-discharge (DoD). As the deterioration is almost
imperceptible on a daily basis [18], the capacity of the battery
(denoted by xmax ) is approximately unchanged for the time
frame that we consider. However, the loss of the battery value
2 Specifically, in September 2009, the Delaware governor has signed a bill
for V2G system which requires electric utilities to compensate for the energy
feedback to the grid at the same price as it is drawn from the grid [6].
3 For instance, either a series hybrid or a series-parallel hybrid operation
mode can be used by Chevrolet Volt based on the vehicle speed [5].

is modeled as a cost which is proportional to the recharged (or
discharged) energy with a factor r̃ [2]. As a result, the cost to
increase the energy level of the battery by z (z > 0) in period
n (n = 0, 1, 2, · · · ) is given by
( )
(
)
z
rn
rc
g
cn (z) = cn
+ r̃z =
(1)
+ r̃ z.
η
η
In order to prolong the battery lifetime, the energy level of
the battery should not drop below xmin according to certain
state-of-charge (SOC) [7]. Since virtual capacity is used in this
work, we) consider xmin = 0 for simplicity. We assume r′ ≥
(
rn
η + r̃ for the PHEVs. That is, the cost of using combustion
engine is higher than using the electric motor, taking account
of all cost in the recharging/discharging process, which is one
of the key features of PHEVs [5].
Within each period, the battery can be either recharged
or discharged, but not both [9]. Because of a limited
recharging/discharging rate, the maximum energy that can be
recharged into and discharged from the battery in a period is
dc
given by urc
max and umax , respectively. Because of the selfdischarge effect, the energy stored in the battery decreases by
a percentage, β (0 < β < 1), for each period. Specifically,
suppose the remaining energy in the battery at the end of a
period is x, the maximum amount of energy that can be used
in the next period is βx.
III. P ROBLEM F ORMULATION
Consider a daily energy cost minimization problem. Each
day consists of N + 1 periods, i.e., n ∈ {0, 1, · · · , N }. The
duration of period n ∈ {0, 1, · · · , N −1} is T . Since the PHEV
mobility is negligible during the midnight off-peak period,
we define period N as an aggregate period to reduce the
computational complexity. For instance, if {0, 1, · · · , N − 1}
corresponds to the periods between 6:00am and 10:00pm, then
period N aggregates all night periods between 10:00pm and
next 6:00am. The analytical method of stochastic inventory
theory [19]–[21] is used. For a V2G system considered in
this work, we extend the theory by incorporating the bidirectional energy flow, PHEV mobility pattern, and realistic
battery model.
Denote the energy level of the battery at the beginning
of period n (n ∈ {0, 1, · · · , N }) as xn , where x0 is the
initial energy level. The decision variable is given by U =
(u0 , u1 , · · · , uN −1 ), where un denotes the energy level of
the battery at the end of period n. The decision of un is
made at the beginning of period n given that the PHEV is
connected to the grid, i.e., sn = H or W. Since recharge
and discharge cannot be performed simultaneously, we have
un > xn and un < xn if the battery is recharged and
discharged, respectively, while un = xn if the battery is not
used (or idle) in period n. Taking account of the limited battery
capacity and recharging/discharging rate, we have
[
]
rc
un ∈ max{0, xn − udc
max }, min{xmax , xn + umax } . (2)
Denote the energy cost in period k (k ∈ {0, 1, · · · , N − 1})
as Cksk (xk , uk ) which depends on the system states (sk and
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xk ) and the decision variable uk . When sk = H, we have
CkH (xk , uk ) =

(cgk (ξk ) + crc
k (uk
+ cgk (ξk )Iuk =xk

− xk )) Iuk >xk
− cgk (xk − uk − ξk )Iuk <xk
= rk ξk + Hk (xk , uk )
(3)

where IA is an indication function which equals 1 if A is true
and 0 otherwise, while Hk (x, u) is defined as
(
)
rk
Hk (x, u) =
+ r̃ (u − x)Iu>x + rk (u − x)Iu≤x . (4)
η
Note that for a recharging or idle period with uk ≥ xk , all
household demand resorts to drawing energy from the grid at a
cost cgk (ξk ) since the battery cannot be discharged at the same
time. For a discharging period with uk < xk , if xk − uk < ξk ,
the unsatisfied demand resorts to drawing energy from the grid,
while if xk −uk > ξk , the energy unused by the demand is fed
back to the grid with a negative cost representing the revenue.
Since the same price is used for buying and selling energy,
the benefit of selling energy back to the grid is the same as
compensating for the household demand. Therefore, the cost
of household demand (rk ξk ) can be considered as irrelevant
to the decision uk , as shown in (3). When sk = W, we have
g
CkW (xk , uk ) = crc
k (uk − xk )Iuk >xk − ck (xk − uk )Iuk ≤xk
= Hk (xk , uk )
(5)

where the only difference from (3) is that the household
demand is not considered since the PHEV is away from the
home. When sk = C, we have
(
)
+
= r′ (ζk − xk )+
(6)
CkC (xk , uk ) = cm
k (ζk − xk )
where (x)+ equals x if x > 0 and 0 otherwise, while
(ζk − xk )+ represents the energy deficit in commute which
needs to be compensated by using gasoline. In (6), there is no
decision on buying or selling of energy since the PHEV is not
connected to the grid.
For period N , we consider that the PHEV battery should
be fully recharged during the off-peak hours overnight [2],
based on the assumption that all the energy can be used
or sold during the daytime. Otherwise, a battery with a
smaller capacity and lower cost should be equipped by the
PHEV. Therefore, the end-of-day cost function (CN (x)) is
proportional to the energy to be recharged( according
) to the offpeak price rN , and is given by CN (x) = rηN + r̃ (xmax −x).
For simplicity, we neglect the cost to compensate for the selfdischarge effect during period N for the off-peak hours.
The daily energy cost minimization problem is defined as
(P1) min C0,s0 ,x0 (U )
U ∈U

(7)

where U represents the class of all admissible decisions
satisfying (2), while Cn,sn ,xn (U ) is the expected energy cost
during periods {n, n + 1, · · · , N }, and is given by
[N −1
]
∑ s
k
Cn,sn ,xn (U ) = E
Ck (xk , uk ) + CN (xN ).
(8)
k=n

In (8), the expectation is taken with respect to the random
variables ξk and ζk in (3) and (6), respectively. Taking account
of the self-discharge effect, the energy level of period k (k ∈
{0, 1, · · · , N − 1}) evolves as
{
βuk ,
if sk = H or W
xk+1 =
(9)
+
β(xk − ζk ) , otherwise
where (xk − ζk )+ denotes the remaining energy in the battery
after the commute in period k. It is worth mentioning that
problem P1 can be directly extended for weekly, monthly,
and seasonal energy cost minimization based on the time
frame that the PHEV mobility and energy demand statistics
are investigated.
IV. T HE O PTIMAL E NERGY D ELIVERY P OLICY
In this section, we first transform the original problem
formulation P1 into a dynamic programming formulation and
show the existence of an optimal Markov policy. In order to
reduce the computational complexity, we further investigate
the problem and prove the optimality of a state-dependent
(S, S ′ ) policy, where S and S ′ are independent of the current
energy amount x in the battery.
A. Existence of Optimal Markov Policy
Suppose sn = s and xn = x, we define the value
function within periods {n, n + 1, · · · , N } as Vn (s, x) =
minU ∈U Cn,s,x (U ). For n ∈ {0, 1, · · · , N − 1}, the dynamic
programming equation of the value function is given by
Vn (s, x)

rn ξ¯n + minu {Hn (x, u)





+E[Vn+1 (sn+1 , βu)|sn = H]}, if s = H



min {H (x, u)
u
n
=

+E[V
(sn+1 , βu)|sn = W]}, if s = W
n+1





E[Vn+1 (sn+1 , β(x − ζn )+ )|sn = C]



+r′ E[(ζn − x)+ ], otherwise

(10)

where the values of u are taken from a set as defined in (2),
while ξ¯k represents the expectation of ξk . For n = N , we have
VN (s, x) = CN (x).

(11)

A policy is a Markov policy if it depends only on the current
state (n, sn , xn ) and not on the past states (k, sk , xk ) (k ∈
{0, 1, · · · , n−1}). The following theorem shows the existence
of an optimal Markov policy for problem P1. Because of space
limitation, we omit the proof which is based on the Markovian
property, similar to the inventory control problem [19].
Theorem 1. There exists a function u∗n (s, x) : I × I × R →
R, which provides the minimum of (10) for any x and s =
H or W. Moreover, the decision U ∗ = (u∗0 , u∗1 , · · · , u∗N −1 )
is optimal for the problem P1, where u∗n = u∗n (sn , x∗n ) and
x∗n+1 evolves according to (9) with respect to u∗n and x∗n .
B. Optimality of State-Dependent (S, S ′ ) Policy
Based on Theorem 1, the optimal Markov policy exists.
However, the computational complexity for the optimal policy
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is prohibitive even for a small N since the function u∗n (s, x)
should be optimized for each combination of s and x [22].
Therefore, we further investigate the properties of the value
functions in this subsection, and show that a state-dependent
(S, S ′ ) policy is optimal. The proofs of the lemmas and
theorem are given in Appendix.

Lemma 3 indicates that, by applying the (S, S ′ ) policy to[ a convex function q(u) for any x ∈ [0,
] xmax ] and
rc
u ∈ max{0, x − udc
},
min{x
,
x
+
u
}
max
max
max , the resulting function is still convex with respect to x.
Then we investigate the properties of the value functions
and have the following lemma:

Definition 1. Given S ≤ S ′ and the current energy level x,
an (S, S ′ ) policy is defined as

rc
rc

x + umax , if x < S − umax




if S − urc
max ≤ x < S
S,
∗
u (x) = x,
(12)
if S ≤ x ≤ S ′


′
′
′
dc

S,
if S < x < S + umax



x − udc , otherwise.
max

Lemma 4. For any ϵ > 0, and x, x + ϵ ∈ [0, xmax ], we have
Vn (s, x + ϵ) ≥ Vn (s, x) − r′ ϵ for n ∈ {0, 1, · · · , N } and
s ∈ {H, W, C}.

Note that the (S, S ′ ) policy is essentially a double-threshold
policy by incorporating the limited recharging/discharging
rate. That is, when the energy level is below S (above S ′ ),
the battery is recharged (discharged) as much as possible up
to S (down to S ′ ). When the energy level is between S and
S ′ , the battery is kept in an idle state.
The optimality of the state-dependent (S, S ′ ) policy can be
established based on the convexity of the value function. We
first investigate Hn (x, u) and have the following lemma.
Lemma 1. Function Hn (x, u) is convex with respect to u ∈
[0, xmax ] for any x.
Consider a convex function q(u) (u ∈ [0, xmax ])
with minimum value q ∗ = minu∈[0,xmax ] {q(u)}. Since
arg minu∈[0,xmax ] {q(u)} is a convex set, we define its boundary points as
S
S

′

=
=

min{u ∈ [0, xmax ]|q(u) = q ∗ }
∗

max{u ∈ [0, xmax ]|q(u) = q }.

(13)
(14)

Based on Lemmas 1-4, we have the following Theorem,
which is the main result for the optimality of a state-dependant
(S, S ′ ) policy. For presentation clarity, we first denote the
state-dependent S and S ′ as functions of x by Sn (s, x) and
Sn′ (s, x), respectively. In the following subsection, we will
show that Sn (s, x) and Sn′ (s, x) are independent of x.
Theorem 2. Given state s (s = H or W) in period n, a
state-dependant (S, S ′ ) policy is optimal. In other words, the
optimal policy u∗n (s, x) is given by (12) with Sn (s, x) and
Sn′ (s, x) given by (13) and (14), respectively, based on the
following convex function with respect to u:
qn (s, x, u) = Hn (x, u) + E [Vn+1 (sn+1 , βu)|sn = s] . (16)
C. Characterizing S and S ′
Note that for the (S, S ′ ) policy defined by Theorem 2, the
S and S ′ values depend on the energy level x, which makes
the calculation complicated. In this subsection, we analyze
qn (s, x, u) and show that S and S ′ are constant with respect
to x. Based on (16), qn (s, x, u) can be rewritten as
[
(
) ]
rn
r
qn (s, x, u) = Hn (s, u) −
+ r̃ x Iu>x
η
[ d
]
+ Hn (s, u) − rn x Iu≤x
(17)
where

Then we have the following lemma:
Lemma 2. If q(u) is convex with respect to u ∈ [0, xmax ],
then [the minimum of q(u) for any x ∈ [0,
] xmax ] and
rc
u ∈ max{0, x − udc
},
min{x
,
x
+
u
}
is achieved
max
max
max
by choosing u according to the (S, S ′ ) policy, where S and
S ′ are given by (13) and (14), respectively.
Lemma 2 indicates that, with limited recharging/discharging
rate, the optimal value of a convex function is achieved by
the (S, S ′ ) policy. After applying (S, S ′ ) policy to a convex
function, we have the following lemma:

)
rn
+ r̃ u + E [Vn+1 (sn+1 , βu)|sn = s] (18)
=
η
Hnd (s, u) = rn u + E [Vn+1 (sn+1 , βu)|sn = s] .
(19)

Obviously, Hnr (s, u) and Hnd (s, u) are convex with respect to
u. Denote the minimum of Hnr (s, u) with respect to u as
Hnr∗ (s) =

min
u∈[0,xmax ]

{Hnr (s, u)} .

(20)

Since arg minu∈[0,xmax ] {Hnr (s, u)} is a convex set, we define
the minimum and maximum values of u to achieve Hnr∗ (s) as

Lemma 3. For a convex function q(u) (u ∈ [0, xmax ]), define
Q(x) (x ∈ [0, xmax ]) as
∗

(

Hnr (s, u)

ur1
n (s)

=

min{u ∈ [0, xmax ]|Hnr (s, u) = Hnr∗ (s)} (21)

ur2
n (s)

=

max{u ∈ [0, xmax ]|Hnr (s, u) = Hnr∗ (s)}. (22)

Q(x) = q(u (x))

rc
rc

q(x + umax ), if x < S − umax
∗
rc
=
q ,
if S − umax ≤ x < S ′ + udc
max (15)


dc
q(x − umax ), otherwise

d2
d
Similarly, we can define ud1
n (s) and un (s) for Hn (s, u). Then
we have the following proposition:

where u∗ (x) is given by (12), while S and S ′ are given by
(13) and (14), respectively. Then Q(x) is convex.

Proposition 1 implies that the overlapping between the
r2
d1
d2
two sets [ur1
n (s), un (s)] and [un (s), un (s)] is at most one

r2
d1
d2
Proposition 1. For sets [ur1
n (s), un (s)] and [un (s), un (s)],
r2
d1
we have un (s) ≤ un (s).
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Algorithm 1 Modified Backward Iteration Algorithm
Input: rn (n ∈ {0, 1, · · · , N }), r̃, r′ , η, β,
ˆ
dc
¯
ˆ
urc
max , umax , xmax , P̂n (j|s), ξn , and fζn (y)
(n ∈ {0, 1, · · · , N − 1}, s, j ∈ {H, W, C}, and y ≥ 0);
Output: Sn (s) and Sn′ (s)
(n ∈ {0, 1, · · · , N − 1}, s ∈ {H, W});
1: Initialize: VN (s, x) based on (11);
2: for n = N − 1 to 0 do
3:
for s = H or W or C do
4:
if s = H or W then
5:
Calculate: Hnr∗ (s) and Hnd∗ (s) according to (20);
r2
d1
d2
6:
Calculate: ur1
n (s), un (s), un (s), and un (s)
according to (21) and (22);
7:
end if
8:
Update: Vn (s, x) according to (10);
9:
end for
10: end for
′
d2
11: return Sn (s) = ur1
n (s) and Sn (s) = un (s)
(n ∈ {0, 1, · · · , N − 1}, s ∈ {H, W})

TABLE I: Default battery parameters.
Parameter
Round-trip efficiency (η)
Self-discharging percentage (β)
Battery value loss in recharging (r̃)
Equivalent gasoline cost (r′ )
dc
Recharging/discharging rate (urc
max /umax )
Battery capacity (xmax )
PDOO

7HUU\ಬVKRPH

-RKQಬVKRPH

Value
85%
99.993%
1.1 c / kWh
67 c / kWh
3.3 kW
8 kWh

:DWHUORR
8SWRZQ
7HUU\ಬVRIILFH
.LWFKHQHU
'RZQWRZQ

JURFHU\

-RKQಬVRIILFH

P



Fig. 4: Simulation layout.
(PDF) of transport energy demand (fζn (y), y ≥ 0), for
n ∈ {0, 1, · · · , N − 1} and s, j ∈ {H, W, C}. However, since
the statistics are not known a priori, we have to use the historic
point. Since qn (s, x, u) is convex with respect to u, any information to estimate the statistics. The rationale behind the
local minimum of qn (s, x, u) is also global minimum [23]. approximation is that both commute pattern and electricity
By definition (17), Hnr (s, u) takes value on u > x while demand are periodic in nature on a daily basis. We consider an
Hnd (s, u) takes value on u ≤ x. Therefore, the minimum exponentially weighted moving average (EWMA) algorithm
of qn (s, x, u) can only be achieved at the minimum points which is typically used for load estimation in smart grid [24].
r2
of Hnr (s, u) (within [ur1
n (s), un (s)]), the minimum points of
The EWMA algorithm utilizes the historic observations over
d2
d1
d
Hn (s, u) (within [un (s), un (s)]), or the boundary point x. previous days and captures the long-term statistic change (e.g.,
Based on the value of x, (Sn (s, x), Sn′ (s, x)) is given by
from summer to winter) by a weighted average. To apply the
(Sn (s, x), Sn′ (s, x))
EWMA algorithm, we quantize ζn into discrete values and

r1
r2
r1
estimate the probability mass function (PMF). Denote P̂n (j|s),

(un (s), un (s)), if x < un (s)



ξˆ¯n , and fˆζn (y) as the estimates of Pn (j|s), ξ¯n , and fζn (y),
r2
r2


if ur1
n (s) ≤ x < un (s)
(x, un (s)),
respectively. Then we devise a modified backward iteration
d1
(23)
=
(x, x),
if ur2
n (s) ≤ x ≤ un (s)
algorithm to calculate the parameters of the optimal policy


d2

if ud1
(ud1

n (s) < x ≤ un (s)
n (s), x),
[19]. Based on the analysis in Section IV, we summarize the


(ud1 (s), ud2 (s)), otherwise.
steps of the backward iteration in Algorithm 1. Note that step 5
n
n
involves two convex optimization problems which are readily
By jointly 
considering (12) and (23), we have
solved by sophisticated algorithms [23].
r1
rc

x + urc

max , if x < un (s) − umax

VI. N UMERICAL R ESULTS

rc
r1
r1


if ur1
n (s) − umax ≤ x < un (s)
un (s),
We evaluate the performance of our proposed scheme by
d2
(24) simulations. The simulator is based on the ONE simulator [25]
u∗n (s, x) = x,
if ur1
n (s) ≤ x ≤ un (s)


d2
dc

ud2
if ud2

version 1.4.1 with an additional implementation of the V2G
n (s),
n (s) < x < un (s) + umax


x − udc , otherwise.
components. The simulator uses real world parameters and
max
data for realistic simulation. Hourly household energy demand
Therefore, the optimal policy can be simply denoted as an data during the month of June, 2011, obtained from volunteers
′
(Sn (s), Sn′ (s)) policy, where Sn (s) = ur1
n (s) and Sn (s) =
of two different households (John and Terry) subscribed to the
d2
un (s). As a result, we need to calculate only two parameters Waterloo North Hydro, is used [11]. Fig. 2 shows the hourly
for the optimal policy with respect to each state and each electricity usage of John’s household during June 20 (Monday)
period (instate of a function u∗n (s, x) with respect to x), and June 24 (Friday). The TOU pricing of Waterloo North
which significantly reduces the computational complexity for Hydro is in accordance with Fig. 1. Traces of vehicle mobility
practical applications.
patterns of these individuals are generated using the ONE
V. A PPROXIMATION A LGORITHM
simulator based on the survey information which includes
The calculation of the optimal policy requires the daily the locations of their homes, work places, points of interests,
statistics of the PHEV mobility (Pn (j|s)), average house- and commute patterns. For example, John usually leaves from
hold energy demand (ξ¯n ), and probability density function home to work between 9:55am and 10:05am, works until
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(a) An illustration of the optimal policy.
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(c) Impact of battery capacity.

Fig. 5: Numerical results based on the commute and household demand data from John and Terry.
5:00pm. About 3 times a week, he goes to a grocery or a mall
after work, and spends 30 to 60 minutes. Finally, he returns
home and stays at home until the next morning. The trace is
generated considering a map based mobility model where the
vehicles follow main roads of the Waterloo region as shown in
Fig. 4. The energy cost during weekdays is considered since
the TOU price is constant during weekends.
The default battery parameters are given in Table I, which
is based on a typical lithium-ion battery [26]. The equivalent
gasoline cost is based on the average gasoline price in Waterloo region in June 2011 (130.0 c/L) and the eletricity/gasoline
efficiency reported by Chevrolet Volt (0.125 kWh/km in allelectric mode and 6.4 L/100 km in gasoline-only mode) [5].
The recharging/discharging rate is in accordance with a level 2
infrastructure. For performance optimization, we consider 16
hours of a day from 6:00am to 10:00pm with a period duration
T = 10 minutes. The transport energy demand ζn is quantized
by 0.5 kWh interval.
A. Recharging/Discharging Pattern
In order to demonstrate how a PHEV battery is managed
according to the optimal policy, we consider a specific day of
Terry and John, and assume that the PHEV mobility and energy demand information is known a priori. Suppose John leaves
home and work at 10:00am and 5:00pm, respectively, with a
single-trip commute time 20 minutes and energy consumption
2 kWh. Terry leaves home and work at 8:00am and 5:00pm,
respectively, with a single-trip commute time 10 minutes and
energy consumption 1 kWh. For comparison purpose, we
assume the PHEV of Terry has a lower recharging/discharging
rate (1.2 kW) and a higher round-trip energy efficiency (97%).
The results are illustrated in Fig. 5(a), where the lower
bound of discharging region and the upper bound of idle region
correspond to S ′ , while the lower bound of idle region and
the upper bound of recharging region correspond to S. The
midnight off-peak periods (which only include a recharging
region) are not shown for simplicity. We can see that, the
round-trip energy efficiency has a critical impact on the optimal policy. For Terry, since the round-trip energy efficiency
is high, energy is bought as much as possible during the midpeak periods, and sold during the on-peak periods. On the
contrary, John buys energy during the mid-peak periods only
for commute use since no benefit can be gained by selling the
“mid-peak energy” during the on-peak periods, taking account

of the energy loss in recharging and discharging. Moreover,
due to the self-discharge effect, energy for selling or commute
is bought as late as possible with the maximum recharging rate.
B. Performance Comparison
Without a V2G system (W/O V2G), the energy drawn
from the grid can only be used for daily commute, and the
battery should be fully recharged during the off-peak periods
to minimize the cost [6]. The energy store-and-deliver (SD)
scheme utilizes commute statistics [2]. The PHEV battery is
fully recharged during off-peak periods and a certain amount
of energy is reserved for average daily commute demand. The
remaining energy is used to compensate for the household
demand during the on-peak and mid-peak periods when the
PHEV is at home. The benefit of the SD scheme is the same
as feeding energy back to the grid, but the amount of energy is
bounded by the household demand. As our proposed scheme
uses estimated statistics, we also show the performance of a
scheme with a priori knowledge of the PHEV mobility and
energy demand information (OPT), which provides the best
performance but cannot be realized in practical applications.
A comparison among different schemes is shown in
Fig. 5(b) for daily energy cost over 20 days. Note that the
first day is removed since no historic information is available.
The trace of John is used as an example. With a constant cost
of household demand every day, we only consider the cost of
recharging PHEV battery and using combustion engine, and
the benefit of feeding energy back to the grid (or equivalently,
compensating for household demand). We can see that, the
cost without V2G is the highest since the energy in the PHEV
battery cannot be used by the household demand or fed back
to the grid. By compensating for the household demand during
on-peak and mid-peak periods, the SD scheme can reduce
the energy cost. But the reduction is inferior to that with
our proposed scheme, since most on-peak periods are not
considered for energy feedback when the PHEV is at work
place. Our proposed scheme using estimated statistics achieves
slightly higher cost than the scheme with a priori knowledge.
The impact of battery capacity on average energy cost per
day is shown in Fig. 5(c). We can see that, the cost without a
V2G scheme increases as the battery capacity increases since
the self-discharge effect gradually decreases the level of the
unused energy in battery. The cost achieved by the SD scheme
decreases as the battery capacity increases since more battery
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energy can be used by household appliances. However, the
decrement is saturated from 20 kWh because of the limited
household demand. By further enlarging the battery capacity,
the cost again increases because of the self-discharge effect,
similar to that without a V2G system. For all battery capacities,
the cost achieved by our proposed scheme is close to that of
the scheme with a priori knowledge. As compared with the SD
scheme, the cost reduction of our proposed scheme is more
evident for a larger battery capacity.

′
dc
6: x − b < x < S − urc
max < S + umax ≤ x + a; Case
rc
′
7: x − b < S − umax ≤ x < S + udc
max ≤ x + a; Case
′
dc
8: S − urc
≤
x
−
b
<
x
<
S
+
u
max
max ≤ x + a; Case 9:
rc
x − b < S − umax
< S ′ + udc
<
x < x + a; Case 10:
max
′
dc
S − urc
≤
x
−
b
<
S
+
u
<
x
<
x + a.
max
max

The convexity of Case 1 and Case 2 follows since q(x) is
dc
convex, while x+urc
max and x−umax are affine mappings with
respect to x [23]. The proofs of Case 4, Case 5, and Cases
7-10 are straightforward. For Case 3, we have

VII. C ONCLUSIONS
In this work, we study a V2G system which enables an
energy store-carry-and-deliver mechanism between the power
grid and PHEVs. The energy cost minimization problem under
TOU electricity pricing is investigated for a PHEV with a
realistic battery model. A state-dependent (S, S ′ ) policy is
proved to be optimal. For practical applications, we proposed
a modified backward iteration algorithm with an EWMA
estimation of the statistics of PHEV mobility and energy
demand. The performance of our proposed scheme is evaluated
based on realistic commute and energy demand data and is
compared with the existing schemes. Further work includes
the investigation of an efficient multi-vehicle management
algorithm for grid stability [7] [8], and the integration of
sustainable generation [27], which may add a new dimension
to the optimal energy store-carry-and-deliver problem.
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A PPENDIX : P ROOF OF L EMMAS , T HEOREM 2,
P ROPOSITION 1

AND

GQ (x, a, b) ≥ q ∗ − q ∗ − a

q ∗ − q(x − b + urc
max )
b

∗
q(x − b + urc
max ) − q
≥0
(26)
b
where the first and second inequalities hold since q(x +
∗
rc
∗
urc
max ) ≥ q and q(x − b + umax ) ≥ q , respectively. Similarly,
we can prove GQ (x, a, b) ≥ 0 for Case 6.

= a

Lemma 4: The proof is completed by induction. For
n = (N , we) have VN (s, x + ϵ) ≥ VN (s, x) − r′ ϵ since
r′ ≥ rηn + r̃ . Suppose Lemma 4 holds for Vn+1 (s, x). For
Vn (s, x),[we first investigate the case s = W. Note that for
]
rc
any u ∈ max{0, x + ϵ − udc
max }, min{xmax , x + ϵ + umax } ,
′
′
[there exists adcu = max{0, u − rcϵ}, ]such that ′ u ∈
max{0, x − umax }, min{xmax , x + umax } . Letting ϵ = u−
u′ (ϵ′ ∈ [0, ϵ]), we can easily verify Hn (x(+ ϵ, u)) ≥
Hn (x, u′ )−r′ (ϵ−ϵ′ ) based on the inequality r′ ≥ rηn + r̃ >
rn . By applying Lemma 4 to Vn+1 (s, x) with respect to
βu−βu′ ≥ 0, we have Vn+1 (sn+1 , βu) ≥ Vn+1 (sn+1 , βu′ )−
γ ′ βϵ′ > Vn+1 (sn+1 , βu′ ) − γ ′ ϵ′ . Then we have
Vn (W, x + ϵ)
= min{Hn (x + ϵ, u) + E[Vn+1 (sn+1 , βu)|sn = W]}
u

Lemma 1: The convexity follows since Hn (x, u) is continuous and piecewise linear with respect to u, and the slope of
the linear function for u > x is greater than that for u ≤ x.
The convexity is preserved by restricting Hn (x, u) to a convex
set u ∈ [0, xmax ] [23].
Lemma 2: Based on the convexity of q(u), it is straightforward to show q(u) = q ∗ for all u ∈ [S, S ′ ].
Moreover, q(u) is non-increasing and non-decreasing on
intervals [0, S] and [S ′ , xmax ], respectively. By considering all five cases of x according to (12), we can easily
∗
[verify q(u) ≥dc q(u ) for all x ∈rc [0,]xmax ] and u ∈
max{0, x − umax }, min{xmax , x + umax } .
Lemma 3: As shown in [20], function Q(x) is convex with
respect to x if GQ (x, a, b) ≥ 0 for any a, b > 0, where
Q(x) − Q(x − b)
GQ (x, a, b) = Q(x + a) − Q(x) − a
. (25)
b
We study the following ten cases: Case 1: x−b < x < x+a <
′
dc
rc
′
dc
S − urc
max < S + umax ; Case 2: S − umax < S + umax ≤
x − b < x < x + a; Case 3: x − b < x < S − urc
≤
x
+a <
max
rc
′
dc
S ′ +udc
;
Case
4:
x−b
<
S−u
≤
x
<
x+a
<
S
+u
max
max
max ;
rc
′
dc
Case 5: S − umax ≤ x − b < x < x + a < S + umax ; Case

≥ min
{Hn (x, u′ ) + E[Vn+1 (sn+1 , βu′ )|sn = W]} − r′ ϵ
′
u

≥ Vn (W, x) − r′ ϵ

(27)

where the first inequality holds by comparing the value of the
objective function for any u with that for the corresponding u′ ,
while the second [inequality holds since the values of u′ always
]
rc
lie in a subset of max{0, x − udc
max }, min{xmax , x + umax } .
Similarly, Vn (s, x+ϵ) ≥ Vn (s, x)−r′ ϵ holds for s = H. Then
we consider s = C and study the following function:
Vn+1 (sn+1 , β(x + ϵ − ζn )+ ) + r′ (ζn − x − ϵ)+
≥ Vn+1 (sn+1 , β(x − ζn )+ )
− r′ [β(x + ϵ − ζn )+ − β(x − ζn )+ ]
+ r′ (ζn − x)+ + r′ (ζn − x − ϵ)+ − r′ (ζn − x)+
= Vn+1 (sn+1 , β(x − ζn )+ ) + r′ (ζn − x)+

′

−r ϵ, if x + ϵ < ζn
+ (1 − β)r′ (x − ζn ) − βr′ ϵ, if x < ζn ≤ x + ϵ


−βr′ ϵ, if ζn ≤ x
≥ Vn+1 (sn+1 , β(x − ζn )+ ) + rn′ (ζn − x)+ − r′ ϵ

(28)

where the first inequality holds by applying Lemma 4 to
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Vn+1 (s, x) with respect to β(x + ϵ − ζn )+ − β(x − ζn )+ ≥ 0,
while the second inequality holds since for x < ζn ≤ x + ϵ
and β < 1, we have (1 − β)r′ (x − ζn ) − βr′ ϵ ≥ (1 − β)r′ (x −
x − ϵ) − βr′ ϵ = −r′ ϵ. By takeing expectation on both sides of
(28), we have Vn (s, x + ϵ) ≥ Vn (s, x) − r′ ϵ holds for s = C.
This completes the induction.
Theorem 2: The proof is completed by induction. For n =
N − 1 and s = H or W, we have
qN −1 (s, x, u) = HN −1 (x, u) + E [VN (sN , βu)|sN −1 = s]
∑
= HN −1 (x, u) +
E [VN (j, βu)] PN −1 (j|s).
(29)
j∈{H,W,C}

By definition, VN (j, βu) is linear and thus convex with
respect to u. Since the expectation can be considered as
a nonnegative weighted sum, E [VN (j, βu)] is also convex [23]. Based on the convexity of HN −1 (x, u) according to Lemma 1, qN −1 (s, x, u) is also convex with respect to u. According to Lemma 2, the value of u to
achieve the minimum of qN −1 (s, x, u) is given by an
′
(SN −1 (s, x), SN
−1 (s, x)) policy. Moreover, the minimum
′
achieved by the (SN −1 (s, x), SN
−1 (s, x)) policy is convex with respect to x according to Lemma 3. Therefore,
VN −1 (s, x) is convex with respect to x for s = H or W.
For s = C, we first investigate the convexity of function
VN (sN , β(x)+ ) + r′ (−x)+ with respect to x. For the first
term VN (sN , β(x)+ ), we have
dVN (sN , β(x)+ )
dx
x=0+
VN (sN , β(x + ϵ)) − VN (sN , βx)
= lim+
x+ϵ−x
ϵ→0
x=0
′
−βr ϵ
= −βr′
(30)
≥ lim+
ϵ
ϵ→0
where the last inequality holds according to Lemma 4. For the
′
+
second term r′ (−x)+ , we have dr (−x)
= −r′ . Based
dx
x=0−
on Proposition 3.1 of [21], since both VN (sN , βx) and r′ (−x)
+
dr ′ (−x)+
N ,β(x) )
are convex and dVN (dN ,s
>
, we
dx
dx
x=0+
x=0−
+
′
+
have VN (dN , sN , β(x) ) + r (−x) is convex with respect to
x. Based on Proposition 4.1 of [20], since the convexity of
a function is preserved by taking expectation with respect to
(x − ζN −1 ), we can conclude that VN −1 (s, x) is also convex
with respect to x for s = C.
Suppose the theorem holds for Vn+1 (s, x), follow the same
steps we can prove the optimality of the (Sn (s, x), Sn′ (s, x))
policy and the convexity of Vn (s, x). This completes the
induction.
Proposition 1: The proof is completed by contradiction.
d1
Suppose ur2
n (s) > un (s), we consider a small positive
r2
number δ > 0 such that ud1
n (s) + δ < un (s). Then we have
Hnr (s, ud1
(s) + δ) − Hnr (s, ud1
n (s))
)
( n
[
]
rn
+ r̃ δ + E Vn+1 (sn+1 , β(ud1
=
n (s) + δ))|sn = s
η
[
]
− E Vn+1 (sn+1 , βud1
n (s))|sn = s

[
]
> rn δ + E Vn+1 (sn+1 , β(ud1
n (s) + δ))|sn = s
[
]
− E Vn+1 (sn+1 , βud1
n (s))|sn = s
d
d1
= Hnd (s, ud1
n (s) + δ) − Hn (s, un (s)).

(31)

In other words, the minimum of Hnr (s, u) and Hnd (s, u) cannot
d1
be achieved simultaneously at ud1
n (s) + δ and un (s), which
contradicts with the definition of the sets [ur1
(s),
ur2
n
n (s)] and
d2
[ud1
(s),
u
(s)].
n
n
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