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Abstract—in this correspondence, we evaluate the variance of the union Shortinterleaver lengths. These interleavers are shown to significantly

performance bound for a rate-1 /3 turbo code over all possible interleavers lower the error floor occurring at high signal-to-noise ratios. Other
oflength IV, under the assumption of a maximum-likelihood (ML) decoder.  works related to the design of the interleaver include [9]-[13].

Theoretical and simulation results for turbo codes with two-memory com- - . .
ponent codes indicate that the coefficient of variation of the bound increases Alt_hOUQh the above YVOka 'mp“(_:'tly suggest some conclusions re-
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turbo code, averaged over all possible interleavers (e.g., [14]).

If higher order statistical averages of the turbo code performance
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of the weight enumerating function (WEF) and of the union perfor- Here, we attempt to compute the variance of the bound
mance bound for a turbo code are derived. Asymptotic analysis B{«, F;/No) over the ensemble of the interleavéts, i.e.,
the derived formulas for large interleaver lengths is presented in Sec- ; ) i ) i
tion I11. Section IV shows some numerical and simulation results for th&ar [B (7, Ey/No)] = E [B (, Eb/*%)] — E7[B(m, Ey/No)].
nonasymptotic and asymptotic cases, and explains the approach in de- 3)
riving those results. Finally, Section V concludes this correspondence.

To evaluate the second moment of the performance bound

Il. V ARIANCE OF THE PERFORMANCEBOUND E [32@’ Ey/No)]

The presence of the interleaver in the turbo-code structure makes it i ,
very difficult to enumerate the exact weight distribution of the code. = Z Z el E [—Xi,jlejz(ﬂ)Xi’,ji,jé (W)]
The idea of averaging the performance of the code over all possible  ¢21,51,5220 i’>1,5{,j3>0
interleavers was presented in [14] by introducing the concept of the L NIV .

“uniform interleaver” (Ul). The Ul is a hypothetical interleaver that TQ a2 Bo/No) - Q (7, i 2. En/No) “)
selects a permutation for each block of data uniformly at random frofe start with the mean square of the WEF (MSWEF), which is equal to
the set of all possible permutations. Coding with this hypothetical turbo )

code is equivalent to coding with a turbo code which randomly chooses E [A*(W. Zi, Zs, )]

an interleaver for each block of input data independently from all other }

blocks. The WEF of a turbo code employing a Ul of lengttis in fact = Z Z E [Yz i ()X 1 (’7)]

the average weight enumerating function (AWEF) of the turbo code 12101220 121,57, 5520
over all possible interleavers of this length. The truncated AWEF is
then used to find the average performance bound of a turbo code of

interleaver lengthV [14]. It should be noted that the random variablds ,, ,,(x) and
Consider a ratet/3 turbo code of interleaver lengthi. Let Sx de- X,/ ;(x) are not independent as they both depend on the same
note the set of all possible permutations of the lemjtinput block, permutationr. The value of one random variable (e.&. i, j, (7))
and letr be the interleaver selected frofi; with uniform probability.  imposes restriction on the structure of the interleaver and consequently
For a turbo code employing interleaver let X; ;. () denote the on the value of other random variables (e /. ;2 (7). Thus, in
number of codewords having total weight- j1 + j2 With i, j1, j2  evaluating the MSWEF, we assume that every p?ok?abilistic experiment
ones in the systematic, first encoder parity check, and second encagfisists of choosing any one of the possible interleavers with equal
parity check bits, respectively. Define the WBEW, Z1. Z,, m) @S probability, and fixing it for the rest of that experiment.
AW, Zy, Zy, 7) = Z Xi gy, (m)WizZi zZ32. For simplicity in notati_ons, in the foIIovE/ing,Xi,h,jzl(n) and
X, 1. (m) are, respectively, replaced by (r) and X (m), for
fixed values ofi, ji, j2, ', j1, j2. In order to find E[X (m)X'(7)],
the following definitions are made. L&, , be the set of all input

Wz Z Wz 7 )

t21,51,7220

Then the AWEF is

E[AW, Z1, Zy, m)] = Z E[X; ;. ,(m)] WiZ{'lZf words of weightz which result in codewords of weight from the
21,541,220 first component code, ang’ , be the set of all input words of weight
(1) 4 which result in codewords of weightfrom the second component
where code. Also let
1 . . ]
E[Xi (M) = 37 > X (®). 2)i) Sijy = {s1, ..., sc}, whereG = [Si ;,|,
: TES N 3)|) Si,"jll = {5,1, Ceey S/G/}, Whel’eG/ = |5",-,]{ |,
S A g - 1ol
Let B(w, Ey/No) denote the union bound on the decoded BER given ) Slf” __{{'51,}' " 51"3’}\,\/'\:&:::;[4 |_Sl|’§21|' |
the interleaverr and the received, /N, (the ratio of the signal en- 55 T W e SE T TPl

ergy per information bit to the one-sided power spectral density of theLetting
channel additive white Gaussian noise), under the assumption that the

H I
decoder selects the ML codeword. The value of the bound can be cal- X, (m) = { L. if "T("”g). €50 )2
culated by 0, otherwise
; and
B(m, Ey/No) = Z A_rX’.a.J.l-,]Q(Tr)Q(i’ﬂ J1s j2, Eb/No) X!/ (n) = { Lo if W(sfﬂ_) € 51'1’,]'5
i>1, 41,220 0, otherwise
where we have
) 1 - - - -
Qi ji, j2, Ey/No) = §el‘fc< ) X(m) =Xi(m) + Xo(m) + -+ + X ()
X'(m) = X1 (%) + Xa(m) + -+ + X (7) (6)

The average union bound (with respect to the randomly chosen inter-
leaver) can be evaluated as and consequently

E[B(w, Ey/No)] G
E[X(mX'(m)] =E |> Xy(m) Y Xpi(r)

= Z %E[AYZ',]'L]'Z(TI’)]Q(Z.,, .jl?j27 Eb/-/\ro)' (2) g=1 9’=1
i>1, 51,5220 o o
Note that, in (2), adding the term for= 0 to the right-hand side does => > E[Xy(mXy(m)]. (7)

not change the value of the summation. g=1 oi—1
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Fig. 1. An example of two input words and their interleaved versions witbmmonly positioned’s.
Since the random variable§, (7) and X, () only take on the value « finally, mapping thd N — (i + i’ — )] positions of the common
of 0 or 1, we have 0’sin 5, ands], to the positions corresponding to the common

E[X,(m) X" (x) 0’sin 51 ands}).
[ o(m) Xy (m ] Within each of the above bit groups, the permutation of the bits does

=Pr[X,(7) =1, Xy (n)=1] not matter. Thus, the number of interleavers satisfying the above con-
ditions is
U U [ Sg) = Si, T(sy/) = s?f] Ui = = )N = (47— )]t
k=1 k’'=1
P and, consequently, the probability that one of these interleavers is se-
 « lected when randomly picked from the ensemble ofdliinterleavers
_ZZPI[F(9 _s’k,‘ )_s’] (8) is
k=1 /=1

Wi— eV — T
wherePr[r(s,) = si, (s, = s}/]) is the probability that the ran- rli = (! r)N[' —(it+i' =]t
domly chosen interleaverre-orders the input words, ands ,intosi )
ands!/, respectlvely, and the last equallty results from the fact that thé fact, the number of the interleavers having the above mentioned
events~r(sg) = andr(s;,) = si% are disjoint for different values Properties is given by the multinomial coefficient

of k or k. Substituting (8) in (7), we get < N )
Exoxol= ¥ Y Y% i o N - =)
20€Si gy 2y €Sy 1 slesl  wlesl With the Ul, all the interleavers are equally likely. Hence, the proba-
? bility of choosing one of such interleavers is the inverse of the multi-
. Pr [ﬂ(sq) = sh, w(s)) = s;f,] . (9) nomial coefficient. O

We denote the nonzero part of the probability in (10) vyittdz, ).
Note thatin (9), for each pair of input words,, |, ) with » commonly

Theorem 1: If .sg and s, haver 1's in common positions, and positioned1’s, only those pairs of input word(sk s41) which also
si ands}’ haver’ 1's in common positions, wheré < »,»’ < haver commonly positioned’s resultlnthe nonzero terms (i, i').

The following theorem evaluates the probability involved in (9).

min(i, i), then Let ¢, (i, j1, i’ _}1) andgq, (i, ]2 i’, j5) denote the number of input
\ | . y word pairs(s,, s/) and(si, s, respectlvely, where each pair has
Pr [W(Sg) = sk, w(sy) = Sw] commonly positioned’s. Equation (9) can now be written as
e U O G 311\ e e et ) N E [X(m)X'(m)]
= N! ’ o 7 (10) min(i, i’)
/ ' #r = Z q"(7'a]11 7”9.71)(17"(7’9.72', 7”?.7;)[)7‘(7’5 ]’l)‘ (11)
Proof: Sinces, ands), haver commonly positioned’s, their r=0

interleaved versions should have the same number of commonly pdsid, finally, substituting (11) in (4) results in
tioned1’s, as welll. Thus, there exists no interleaver that realizes this E [BZ(TD Eb/No)]
event whenr # r-, i.e.,
min(i,i,) .
Pr[n(sg) = st m(sy) = st =0, itr ot =Y Y Y S
i J1,d220 @, 50, jh>0 =0 h

F|g 1 shows a schematic examplesgfands,, interleaved tosy, o .
ands., respectively, where = r. In this case, the interleaver has “qr (i, g2, 4 Jo) - pr(d, 1)QU, Jr, j2, Eb/No)
the following properties: g .

g prop -QU, i, jhe Ev/No). (12)
* mapping the' positions of the commom sin s, ands), to the

» positions of the common’s in S’k andek,, The variance of the bound can then be evaluated.

» mapping thei — r) remainingl’s in s, to the positions of the
remaining(i — ) 1'sin si; I1l. A SYMPTOTIC BEHAVIOR

» mapping the(i’ — r) remalnlngl sins’ , to the positions of the  In this section, we study the MSWEF ae{B?(r, E/No)] for
remaining(i’ — r) 1'sin s}’ a large interleaver length. The functian (i, j, i’, j'), defined in
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[ Loose events

Codeword of s’
Cluster
Fig. 2. Schematic illustration of the relative position of two codewords resulting from input wamds’ withn =5, n’ =4, m = 3, m’ = 2, andc = 2.
Section Il, depends oV as well as the component codes. In thevhere&; and&. are the sets of the possililetuples
following, this function will be further studied in order to represent

the MSWEF andE[B*(x, E;/Ny)] in the form of polynomials in )
N. The behavior of these functions for asymptotically lajeis respectively, and

! ! ! !
(n1, ny, mi, my, c1) and (nz2, ny, ma, my, c2)

dominated by the terms with the highest power /%t Coy =4r(i, 41, 4, §1, n1, ny, mi, mi, e1)
A codeword of the formi¥*Z’ in each component code is con-

structed by the concatenation of(1 < n < [i/2]) error events Fo (V) = ( N )

with possible zeros in between consecutive error events. Suppose two T T A 4w —m = ml 4o

input words s ands’, consisting of: andn’ error events, respectively,

haver commonly positioned's. Furthermore, assume that these Cey =Gr(i. jo, i's ji, na, nb, ma, my. c3)

common bits are contained in andm' error events o ands’, re-

spectively, wherenin(1, ) < m < min(r, n) andmin(l, r) < fo (N) = N )

m' < min(r, n'). We call these error events the “tied up” events. ne +ny —me —mh + co

The reason for choosing this term is that each of these error eventgi
bound to be placed in a certain position(s) relative to one or more tig
up events of the other codeword, such that the two codewordsrhave ~ o Ly
commonly positioned’s in their corresponding input words. The re-E [A*(W, Z1, Z, )= Y  EENSW'Z{* ZW" 21 Z'}>  (15)
maining(n — m) and(»’ — m’) error events (called “loose” events) teT

can be placed anywhere along the block of len§jths long as they do where7 represents the set of possililé-tuples of all the variables
not cause extra overlappirds between the two input words. Fig. 2 il- involved in the summation,

lustrates the above definitions, where the horizontal lines represent&nte: 1)+ ns 4+l
all-zero path and the diverged paths represent the error events. The tied ) . ] ] )
up events form: “cluster” of eventsmin(1, r) < ¢ < min(m, m'). adet is not afunctlon oﬂ.. The fqllowmg theorem finds the condi-
Thesec clusters plus thén — m) + (n’ — m') loose error events can tONS under whiclG:; takes its maximum value.

be placed in different positions along the block of lengtiby adding Theorem 2: The maximum value of¥, is equal ta) and is achieved
zeros between them or placing them adjacent to each other. This gaghq only if the following conditions hold:

stituting (14) in (5) and using the approximatig) ~ a"/b! for
> b, we have

! 1’ . i
— My —Mmy—Mmo—Mmy—1—1 +c1+co+7r

be donein(, , Y= %!, ) ways, wherel, is the summation of the o
lengths of the clusters and loose events in both codewords. The length i =2k

of the cluster is defined as the distance between the point where the ni=ng =i/2="Fk
first error event in the cluster starts, up to the point where the last error i =9k

event in that cluster ends. In the following formulas for asymptotic be-

o — "I
havior,(L,; — 1) is eliminated with respect t& in order to reduce the o= =i /2=k

complexity of computations. r =2l
Now ¢.(i, j, i’, j') can be written as mi=my=mi=mh=c =cy=7r/2=1 (16)
N wherek, k' =1,2,3,...,andl =0, 1, 2, ..., min(k, k).
AN EEDIDIDIDIDY Proof: It can be easily seen that, @;, maximizing the terms
o corresponding to subscriptand those corresponding 2ccan be per-

n+n'—m-—-m'+c

N formed independently, i.e.,
13
(13) (Gmax = (n1 + 07 —mi —my + 1 )imas

’ ’ . .
+(n24+ny —ma — my + C2)max —i — @ + 7.

Y Y A o
Gty gy iy jyne 'y m, m', c)

whereg. (i, j,i',j',n,n', m, m’, ¢) is the number of codeword pairs
of the form(W* Z7, W'’ Z'7") with n andn’ error events; these error
events have commonly positioned'’s, resulting inm andm' tied up
events which forne clusters. Note that. depends only on the compo-
nent codes and not oM. As a result, (11) can be rewritten as

Thus, in this proof, we only find4, = (n1 +n} —mi —m] +¢i )max
as the maximization corresponding to the second RSC code follows
with exactly the same analogy.
Supposen; of then, error events of the input word are tied up
with m| of then) error events of the input worsl, and the tied up
E [X(rr)X’(rr)] events resultim; clusters_. Since ands’ havevv comnjo'nly positiqned
1’s, together they contaih+ i’ — r positions containing &. Define
= Z Z Z Corfer (N)Coy fer (N)p,(iy i) (14) @ “bunch”of events to be either a cluster or a loose event. The number
T 1€y enCls of bunches i$ = ¢i + (n1 — m1) + (n} — m}). Since for recursive
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convolutional codes each error event has a Hamming weight of at least 0 0
two in the systematic part, and each bunch contains at least one error WL
event 1 1
i+i —r
ci+n —mi+n), —m) < — a7) > W 2
The equality holds if and only if each loose event and each cluster <
contains exactly two positions containing arhis condition is met by 3 3
codewords satisfying the following conditions. (a)
» Each codeword is constructed of error events with input weight
» Each error event is either a loose event or exactly matches and is v @
tied up with an error event of the other codeword. W
Similarly WIW'RL
Ca
co+ny —ma +nbh—mh < WT7 (18)
with equality holding under the same conditions. As a result (b)
Fig. 3. (a) Atrellis section for thé5, 7) code. (b) Part of the super error state
(Gt)max = 0. (19)  diagram.
O
) _ _ TABLE |
Keeping only the terms with the largest power &f (i.e., corre- NONASYMPTOTIC RESULTS CORRESPONDING TOTURBO CODES
sponding to the terms with the largest valug® and defining a new WITH (5, 7) RSC QDES
function
Ey/No N =100 N = 1000
ik G B G 1) 2 G2k, . 2K, G R KL LT aviB av[B
gk, 3, k', 5, 1) = G2u(2k, J, J y b ) (dB) StE B[]] log,, E[B] StE[\;a[]] log,, E[B]
result in the following formula for the asymptotic MSWEF: 2 0.45 -2.60 0.44 4.93
E [A*(W, Z1, Z», 7)) 3 0.61 -3.65 0.55 -4.96
B Z (2D)Y(2k — 2D)1(2K" — 21)! 4 1.02 -4.50 0.78 -5.17
- . L0 7\112
(k. k7,51, 52,31, 35. 1) [(k 4 &7 = 1)1] 5 1.36 -5.43 1.10 -6.28
. Q(l‘w .jlv k/, ]i* l)(j(kﬂ ]"_h k/'/ J;w 1)
P the component code error digram with itsklfhe super state diagram
WIZPZPEW 2 2 (20) is constructed as follows.
The asymptotic formula for the mean square of the bound is then * The statds, '] corresponds to statésandS” of the RSC code.
. " , , .
E [B*(r. E,/No)] The transltlon |6}P§|S] vf,ro’r’n stafs, 51] to .[Sg, S3] are in the
form of W*Z?W"™ Z'7 R"L, wherei andj correspond to the
_ Z (2k)(2K") (2D)1(2k — 2D)1(2k" — 21)! systematic and parity-check bits of the transition from sateo
R N2 [(k+k — DY S, andi’ andj’ correspond to the transition fros{ to S5, in
(kK1 32012 9300 one component code. For ralg2 RSC component codes, these
Gk, i KL gy Dk, o, k' 5. DQG, iy g2, Ey/No) variables evaluate t0 or 1, accordingly. is equal tol if both
P ' i andi" are equal td, and is equal t® otherwise, and. repre-
“Q(i, ji. j2s Ev/No). (21) sents the length of the codeword and has pawen all transition
; . . . labels.
As can be seen from (21E[B?(x, E,/Ny)] is proportional taV 2.
On the other handE[B(w, E;,/No)] is proportional toN~" for * The state diagram starts from the stéite0], and ends at the state
asymptotically largeV [15]. Thus, the variance of the performance [0, 0], where the subscripts are added to distinguish between the
bound is also proportional t&V~2. As a result, we see that the starting and the finishing states. There is no transition to the state
coefficient of variation ofB(r, F,/Ny) does not change withV as [0, 0], and no transition from the stafe, 0]¢.

N approaches infinity.
P y Fig. 3 shows the trellis diagram and part of the super state diagram

corresponding to &5, 7) RSC code, where the brackets in denoting
the states are omitted.

To reduce the operational complexity in calculating the numerical The transfer function of this state diagram enumerates the error
results, the looser upper bound of [14], usi@gr) < exp(—z?), has events of the super trellis corresponding to the state diagram. Each
been adopted. error event is characterized by the numbet 'sfin the systematic and
parity-check bits of each codeword, the number of their overlapping

IV. NUMERICAL RESULTS AND DISCUSSION

A. Nonasymptotic Case
. 5 o . 1if different component codes are employed, we need to construct two super
For this caseE[B*(w, Ly, /No)] is evaluated according to (12). Westate diagrams, as each state diagram enumerates codeword pairs corresponding
consider a super error state diagram constructed by the combinatiomafne component code.
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Fig. 4. Distribution of the performance bound with respect to interleavers of lévigth100 for (5, 7) turbo code. (aE; /No = 3dB,stdv([B]/E[B] = 0.45.
(b) E, /N, = 5 dB,stdv[B]/E[B] = 1.27.

1’s in the systematic part, and the length of the event from the poiabdr, with an approach analogous to that of finding the conditional
where at least one of the codes diverges from the all-zero path to theight enumerating function explained in [14].

point where both codes remerge to the all zero path. The transfeffable | shows the coefficient of variation of the bound
function is then used to find,(i, j, ', j') for differents, j, i', j', B(w, Es/No), stdv[B]/E[B], for rate1/3 turbo codes with
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Fig. 5. Distribution of the performance bound with respect to interleavers of le¥igth 1000 for (5, 7) turbo code. (a)E, /Ny = 2 dB,stdv[B]/E[B] =
0.33. (b) /Ny = 3 dB,stdv[B]|/E[B] = 0.43.

identical (5, 7) RSC component codes and interleaver lengthepresents the number of interleavers which result in that performance.
N =100 and N = 1000. In calculating these results only input words of weights us tdor

In order to obtain an estimation of the distribution of the performanc® = 100) and4 (for N = 1000), resulting in codewords with total
bound with respect to different interleavers, the union upper boundvigights up to30, are considered. These limitations cause the simula-
calculated for the same codes over a number of randomly selectedtion results to differ from the theoretical results of Table I.
terleavers. Figs. 4 and 5 show the corresponding results. In these hisAs can be seen from Figs. 4 and 5 and Table |, the coefficient of varia-
tograms, ther-axis represents the performance bound andthgis tion,stdv|[B]/E[B], increases witlk; /No. This is due to the fact that
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Fig. 5. (Continued)Distribution of the performance bound with respect to interleavers of leNgth 1000 for (5, 7) turbo code. (C)Er/No = 5 dB,
stdv[B]/E[B] = 0.90.

TABLE I completely overlappingr = 2) or have no overlapping bits. Table Il
ASYMPTOTIC RESULTS CORRESPONDING TOTURBO CODESWITH (5, T) AND  ghows the results of the asymptotic analysis.

7, 5) COMPONENT CODES .
.5 The asymptotic results for thé, 7) turbo code follow the trend of

Ey/Ny (dB) || stdv[B]/E[B] Table [; the values of asymptottdv[B]/E[B] increase withE, / No
but remain lower than the corresponding values for finite interleaver
(75 | (57) lengths.

9 0.11 | 0.33 In order to compare turbo codes with primitive and those with non-
primitive feedback polynomials, the asymptotic results corresponding

3 021 | 041 to the(7, 5) turbo code are shown in Table Il as well. As can be seen

4 0.27 0.48 from the table, the nonprimitive feedback polynomial turbo code has a
smaller coefficient of variation of the performance bound.

5 0.34 | 0.55

V. CONCLUSION
differentinterleavers lead to turbo codes with different distance spectra.
Although the majority of interleavers result in rather similar distance In this correspondence, the variance of the turbo-code performance
spectra, there is a low percentage of interleavers which leads to a Id?gend over all possible interleavers is evaluated. It is shown that the
number of low-weight codewords. Since the/N, impacts the BER coel_‘ficient of variation of the bound is_ asympt(_)tica_lly constant with
in an exponential manner, @, /N, increases, the low-weight code-the interleaver length. Furthermore, this coefficient is relatively small

words become more dominant in the BER performance of the cod@’ lower £,/No values and increases as thg/ N, value increases.

This causes the performance of the latter group of interleavers to haddy Of the analytical results and the distribution of the performance
ound over a sample of randomly chosen interleavers shows that: a) as

a larger deviation from the mean where the majority of interleavers o& . ! . >
e interleaver length increases, the coefficient of variation decreases

erate. Note that, folN = 100 and E;, /Ny, = 5 dB, less than 7% of . N
b/No ° % and b) as thé’; / N, increases, the distributions get more concentrated

the randomly chosen interleavers result in error performance bourg;gund the average performance bound and only a small percentage of
higher tharl0~"; and forN' = 1000 andE; /No = 5dB, only 0.37% g€ p y P 9

. . . . 6 interleavers result in high BERs, which cause the coefficient of varia-
of the interleavers result in bounds higher tiian x 107°. : - .
tion to increase. These results support the statement made in [4], where

for a turbo code of lengti5, 536 it is stated thamostpseudorandom
interleavers result in the same multiplicity of the free-distance code-

In this case, only codeword pairs which satisfy the conditions stat@@rds. In addition, it can be observed that the performance of those
in Theorem 2 are enumerated. For this reason, in the super state fligerleavers which are not close to the performance of the majority of
gram, only those paths corresponding to weiintthe systematic part the pseudorandom interleavers, in fact, deviate quite significantly from
of the codewords are taken into account and the error events are eitheraverage bound.

B. Asymptotic Case
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Finally, the asymptotic results corresponding to turbo codes of = On the Asymptotic Eigenvalue Distribution of

memory2 show that turbo codes with nonprimitive feedback poly- Concatenated Vector-Valued Fading Channels
nomials have smaller standard deviations. This may suggest that the
choice of the interleaver has a stronger effect on the performance of Ralf R. Muller, Associate Member, IEEE

turbo codes with primitive than for those with nonprimitive feedback
component codes.
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|. INTRODUCTION

y=Hpyz+ =z @)

with & andy denoting the vectors of transmitted and received signals,
respectively.
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